Logic and Computability

Soundness and Completeness
of Natural Deduction

Bettina Konighofer
bettina.koenighofer@iaik.tugraz.at

TU

Grazm

SCIENCE
PASSION
TECHNOLOGY

THINK LOGICALLY

Stefan Pranger
stefan.pranger@iaik.tugraz.at

https://xkcd.com/1112/

%l

oS

Q

il

+MOUE ™ JUST THINK £0GICALY THE GOAL | | T GUESS OCCASIONALLY YOU
I5 CHECKMATE, S0 YOU SHOULD | | NEED TO MOVE BACKWARD, BUT
WHYD YOU | [ ALWAYS MOVE PIECES 70w/Aa%0 | | IT'D BE TRMALTO MAKE A LIST
MOVE YOUR THE OTHER PLAYER'S KING. | | OF THOSE. CIRCUMSTANCES AND—
KNIGHT Away? ]
kj \i %
HAVE YoU EVER +MOVE . GAME IENT —
AAYED (HES? Mo i i mﬂwm%@
(NOT MUCH, BUT- o KNIGHTS ARE TOO WEAK...
WANA? (! o srone
\ U8 | CHECRMATE, \

]




Recap — Semantic Entailment

¢1' sz, ) ¢n = Y
J

\ )
Y Y

Premises Conclusion

\

4 )

Any model that is a satisfying model for
¢4, ..., Py, is also a satisfying model for 1/))

\_




Recap — Syntactic Entailment
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¢11 ¢2' L ¢n - Y
J
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Y Y
Premises Conclusion

-

From ¢, ... ,, we can (syntactically)

~\

_prove that ¥ holds (via Natural Deduction))




Recap — Soundness of ND for Prop. Logic

= Definition

¢1' ¢2' L ¢n - II) = ¢11 ¢21 "'l¢n F ¢

7/ \

Correct syntactic entailment Correct semantic entailment
From ¢4 ... ,, we can Each model that satisfies all premises
prove that ¥ holds. ¢1 ... P, also satisfies .



Recap — Soundness of ND for Prop. Logic

= Definition

¢1' ¢2' L ¢n - II) = ¢1' ¢2' ""¢n F ¢

= Consequence of Soundness
- ¢1; ¢2! L ¢n a ¢ = ¢11 ¢2' L ¢n s lI)
" Thus, a single counterexample is sufficient to show that sequent is not provable.
= M is a counterexample if
M satisfies all premises, and M does not satisfy the conclusion.



Recap — Completeness of ND for Prop. Logic

= Definition
¢1' ¢2' L ¢n F II) = ¢11 ¢2! L ¢n - ¢
7/ N\

Correct semantic entailment Correct syntactic entailment
Each model that satisfies all premises From ¢ ... ¢,, we can
¢q ... ¢, also satisfies . prove that 1 holds.



Recap — Completeness of ND for Prop. Logic

= Definition

¢1' ¢2' L ¢n F II) = ¢1' ¢2! L ¢n - ¢

= Consequences of Completeness
» Unprovable sequents are incorrect entailments.

- ¢1r ¢2' "'r¢n |7L l/) = ¢1, ¢2' ""¢n B& 1/J



Where is the proof?

Theorem
= Natural Deduction for Propositional Logic is sound:

"P1,P2, P Y S P, Py P FY

Proof ? @

= Natural Deduction for Propositional Logic is complete:

¢1' ¢2' L ¢n F II) = ¢1' ¢2' ""¢n - ¢

Proof ? @




Learning Outcomes

o]

After this lecture...
1. students can explain the concepts of soundness and
completeness of natural deduction for propositional logic.

2. students can sketch the proof for soundness and completeness
of natural deduction for propositional logic.

3. students can perform a deduction proof for tautologies based
on the structure of the completeness proof.



Outline

Recap: Mathematical Induction

Prove that ND for prop. logic is sound P I i Y

Prove that ND for prop. logic is complete

Prove tautologies with uniform method
" from completeness proof

\




Mathematical Induction

" Induction can prove equations for arbitrary n
= Example

s 1+2+43+4+4n=200D

2

Gauss' Trick for Adding
Consecutive Numbers

AN

| +2+3+4Y+5 +6+T7+8




Principle of Induction

= Show that every natural number satisfies a certain property M
= We write M(5) for the property is true for 5
= We write M(101) for the property is true for 101

Induction Hypothesis
= Foreveryn € N, the property M(n) holds.

Base Case
= The number 1 has property M, i.e., we have a proof of M(1).
Induction Step

= |f we assume that M(n) holds, we can show M(n + 1) holds
as well, i.e., we have a proof of M(n) » M(n + 1)

Proves
—  |Induction
Hypothesis




Principle of Induction

= By proving just two facts, M(1) and M(n) - M(n + 1) for a unconstrained
number n, we are able to deduce M (k) for each natural number k.
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Mathematical Induction- Gauss’ Example

Induction Hypthesis Notation:

= We assume LHS,, = RHS,, = LHS,, for1+2+3+4+--+n
Base Case = RHS, for =2

" LHS, = 1 el




Mathematical Induction- Gauss’ Example

Induction Hypthesis Notation:
= We assume LHS,, = RHS,, = LHS,, for1+2+3+4+--+n

. . n-(n+1)
Induction Step RHS,, for

LHS,.1=1+2+3+..+(n+1)
- :LHSn+(n+1)
= =RHS,, + (n+ 1) (by ourinduction hypothesis)

=20 L (n+ 1)

_ n-(r%+1) ERGASY

2 2
_ (n+2)-(n+1)

_((n+ 1)2+1)-(n+ 1)

=RHS; 14



Course-of-Values Induction

= Variant of mathematical induction

Induction Hypothesis:
* T(L)AT(2)A---AT(n) holds.

Base Case: ~
= T(1).
Induction Step:

.

" ProvethatT() AT@2Z)A-AT(n) > T(n+1)

Proves
Induction
Hypothesis



7 Outline

" Prove that ND for prop. logic is sound P I i y

\

" Prove that ND for prop. logic is complete

= Prove tautologies with uniform method
" from completeness proof



Proof for Soundness for ND for Prop Logic

Let ¢4, @, ..., P,, and Y be propositional logic formulas.

Theorem Soundness
= I @4, 05, ...,0, FYisvalid, then ¢4, @», ..., p,, E Y holds.”




Proof for Soundness for ND for Prop Logic

Proof Idea - mathematical induction on the length of the Natural Deduction proof.

= We define the assertion M(k):

,For all sequents ¢, ¢,, ..., ¢, =Y which have a proof of length k,
it is the case that ¢4, ¢, ..., ¢, E Y holds.”

= We indent to show the assertion M(k) by course-of-values induction on k



Proof for Soundness for ND for Prop Logic

Induction Hypothesis:
= M(1))AM(2) A---AM(k — 1) holds, with
M(i): ,For all sequents ¢4, @, ..., P, F Y which have a proof of length i,
it is the case that ¢4, ¢,, ..., ¢, E Y holds.”

Base Case: M(1) holds

* |f the proof has length 1 (k = 1) then it must be of the form

1 ¢ premise

% = Thus, the squent must be of the form ¢ I ¢.
% Does ¢ F ¢ imply ¢ E ¢?



Proof for Soundness for ND for Prop Logic

Induction Hypothesis:
= M(1))AM(2) A---AM(k — 1) holds, with
M(i): ,For all sequents ¢4, @, ..., P, F Y which have a proof of length i,
it is the case that ¢4, ¢,, ..., ¢, E Y holds.”

Base Case: M(1) holds

* |f the proof has length 1 (k = 1) then it must be of the form

1 ¢ premise

-] Thus, the squent must be of the form ¢ + ¢.

~ -~
—_ —
- ~

- YES: if ¢ evaluates to T so does ¢. Thus, ¢ E ¢ holds as claimed.

|
A



Proof for Soundness for ND for Prop Logic

M(i): ,For all sequents ¢4, @5, ..., d,, = P which have a proof of length i,
it is the case that ¢4, ¢,, ..., $,, E Y holds.”
Inductive step: M() AMQ)A--AM(k—1) > M(k)

= We do not know the last rule that was applied! Structure of ND Proof

= - Consider each rule in turn .
. Ad 1 ¢1 premise
. e 2 @9 premise
= Ve
N eee
n On, premise

k Y justification




Inductive step: M(1) A---AM(k — 1) - M(k) with A i as last rule

Proof for Soundness for ND for Prop Logic

We have a proof ¢p¢, ¢, ..., P, - P4 with length < k
We have a proof ¢p¢, ¢, ..., P, - P, with length < k

= Using the induction hypothesis, we conclude

- ¢1’ ¢2’ k) ¢n = lIjl 1 ¢1 premise
" PPz, Py =Y, 2 ¢o premise

* These two relations imply ¢4, 5, ..., P, E Y1 A Y,
= WHY? k4 Y1

. » o .
% ke ¥,

k' YiAY, Al kqik,




%? Why does ¢ ey and ¢p =P, implyp =1 AP, ?

Proof for Soundness for ND for Prop Logic



Proof for Soundness for ND for Prop Logic

= Why does ¢ Y, and ¢p =y, imply p =p; AP, ?

= Show that the following formula is valid:

n=>¢>Y)A(P—Y3)) = (P> (P AP3))
n.

r B, R, RP|lO O O O
R B O O|Fkr »r O O
- O B O, O +—» O
R R O Ok kPR R R
R O kR Ok, kP Rk R
R O O O|r L R

R R R R R R R R
N = e o e T = N S



Proof for Soundness for ND for Prop Logic

Inductive step: MW AMQR)A---AM(k—1) > M(k)

= = Consider each possible last rule
s Ai
* Inductive step done:
- For all proofs of length k with A i as last rule it holds that:

o F 1, ba, ..., Op H Y, then @4, @5, ..., P, EY”

m e @ Next
= Ve



Inductive step: M(1) A---AM(k — 1) - M(k) with —e as last rule

Proof for Soundness for ND for Prop Logic

= We have a proof ¢4, ¢5, ..., ¢, - P withlengthk; < k
= We have a proof ¢4, ¢35, ..., P, - = with length k, < k

= Using the induction hypothesis, we conclude

. ¢1r ¢2) " ¢n =Y 1 qbl premise

- ¢1r ¢2) "y ¢n =Y 2 gbg premise
* These two relations imply ¢4, ¢, ..., P, = L .

= WHY? 1 ¥

P

Pa— o .
% ky -




%? Why does ¢ =y and ¢p £ -y imply¢p =17

Proof for Soundness for ND for Prop Logic



Proof for Soundness for ND for Prop Logic
= Whydoes ¢p Fp andp £ pimply¢p = L7

-9 ] Show that the following formula is valid:

;h n= (> A —)) - (¢ L)

ﬂ-

1 1
0 1 1 1 1 1 1
1 0 0 1 0 0 1
1 1 1 0 0 0 1




Proof for Soundness for ND for Prop Logic

Inductive step: MW AMQR)A---AM(k—1) > M(k)

= = Consider each possible last rule

* Inductive step done:
- For all proofs of length k with A i or —e as last rule it

holds that: , If ¢, @, ..., P, = Y, then ¢y, Py, ..., P, EY”
= Ve @ Next

= 1 e @& Next
P

o
% = Try the induction step for V e or L e as last rule



Proof for Soundness for ND for Prop Logic

Inductive step: M(1) A---AM(k — 1) - M(k) with L e as last rule

= We have proofs with length < k for:
. ¢1' ¢2' L ¢n Fl

= Using the induction hypothesis, we conclude

. ¢11 ¢2' "'r¢n FL

= This relation implies ¢4, o, ..., p,, =Y
= Show with truth table as before

1 @1 premise
2 @2 premise
n O, premise
k, 1

k ll) J_ekl




Proof for Soundness for ND for Prop Logic
= Why does ¢ = Limply¢p =¢?

:@g%j Show that the following formula is valid:

n=(@->1)->(@->v9)

AR
0 0 1 1 1
0 1 1 1 1
1 0 0 0 1
1 1 0 1 1




= Proof for Soundness for ND for Prop Logic

Inductive step: M(1) A---AM(k — 1) - M(k) with V e as last rule

= We have proofs with length < k for: 1 ¢1 premise
. ¢1' ¢2' "y ¢n FnL VN 2 ¢2 premise
. ¢1’ ¢2""'¢n1n1 - ¢ :
- ¢1’ ¢2'""¢n1n2 - lI)

n ¢n, premise

= Using the induction hypothesis, we conclude k4 M1V
" P1, P2, P ENLV Y, :
" ¢1, ¢21 ey ¢nl N F II}
" ¢1, ¢21 ey ¢nl N2 F II}

k, M1 ass. || kg M2 ass.

= These three relations imply ¢4, d,, ..., P, =Y

) ks ¥ k
= Show with truth table as before 3 s W
k 1/) Ve,kl,kz—k3,k4_—k5




Outline

10 min Coffee Break!
Prove that ND for prop. logic is complete

Prove tautologies with uniform method
" from completeness proof




1. There are n prisoners.

Puzzle

2. Each prisoner has either a mark (e.g., a dot) on their head or not. Each prisoner can see the

marks on the other prisoners but not their own. ] ]
P When will the last prisoner
3. If a prisoner is sure that they have a mark, they must leave the prison the next day. with a marking leave the prison?

4. Every prisoner knows that every other prisoner has the same information and acts rationally.

5. There is at least one prisoner with a mark.




Puzzle

1.

2.

There are n prisoners.

Each prisoner has either a mark (e.g., a dot) on their head or not. Each prisoner can see the

marks on the other prisoners but not their own.

. If a prisoner is sure that they have a mark, they must leave the prison the next day.

Every prisoner knows that every other prisoner has the same information and acts rationally.

. There is at least one prisoner with a mark.

k: number of people with a mark

k=1 - Everyone with a marking leaves on day 1

WHY? A prisoner sees no marked heads and thus immediately knows
that they must be the only one with a mark.
They leave the prison the next day.

When will the last prisoner
with a marking leave the prison?




Puzzle

1.

2.

. There is at least one prisoner with a mark.

There are n prisoners.

Each prisoner has either a mark (e.g., a dot) on their head or not. Each prisoner can see the

marks on the other prisoners but not their own.

When will the last prisoner
. If a prisoner is sure that they have a mark, they must leave the prison the next day. with a marking leave the prison?

Every prisoner knows that every other prisoner has the same information and acts rationally.

k: number of people with a mark

k=2 - Everyone with a marking leaves on day 2

WHY? Each of the two prisoners with marking sees one marked head.
Each waits one day to see if the other prisoner leaves the prison.
Since the other prisoner does not leave on the first day,

each realizes there must be two marked prisoners. Therefore, both leave on the second day.




Puzzle

1. There are n prisoners.

2. Each prisoner has either a mark (e.g., a dot) on their head or not. Each prisoner can see the

marks on the other prisoners but not their own.
3. If a prisoner is sure that they have a mark, they must leave the prison the next day.
4. Every prisoner knows that every other prisoner has the same information and acts rationally.

5. There is at least one prisoner with a mark.

o

k: number of people with a mark
k = 3 = Everyone with a marking leaves on day 3

= Each marked prisoner sees 2 marked heads.
= Each waits 2 days to see if those 2 prisoners leave the prison.

When will the last prisoner
with a marking leave the prison?

= Since those 2 prisoners do not leave, each marked prisoner realizes there must be exactly 3 marked prisoners.

= All marked prisoners leave on the 3-th day.



Puzzle

1. There are n prisoners.

2. Each prisoner has either a mark (e.g., a dot) on their head or not. Each prisoner can see the

marks on the other prisoners but not their own.
3. If a prisoner is sure that they have a mark, they must leave the prison the next day.
4. Every prisoner knows that every other prisoner has the same information and acts rationally.

5. There is at least one prisoner with a mark.

o

k: number of people with a mark
General case k = Everyone with a marking leaves on day k

= Each marked prisoner sees k-1 marked heads.
= Each waits k-1 days to see if those k-1 prisoners leave the prison.

When will the last prisoner
with a marking leave the prison?

= Since those k-1 prisoners do not leave, each marked prisoner realizes there must be exactly k marked prisoners.

= All marked prisoners leave on the k-th day.



Outline

* Prove that ND for prop. logic is complete

" Prove tautologies with uniform method
» from completeness proof



Proof for Completeness of ND for Prop Logic

Let ¢4, @, ..., P,, and Y be propositional logic formulas.

Theorem Completeness
= I @4, 0Dy, ..., 0, EYisvalid, then ¢4, P,, ..., P, F Y holds.”




Proof for Completeness of ND for Prop Logic

Proof Idea:

Assuming that ¢4, ¢,, ..., ¢,, = Y holds:
Step 1: We show that £ ¢y = (¢, = (... (¢, = ¥) ...)) holds.

Step 2: We show that - ¢y > (¢, = (... (¢, > ¥) ...)) holds.
Step 3: Finally, we show that ¢4, ¢,, ..., ®,, - ¥ holds.



Proof for Completeness of ND for Prop Logic

Proof for Step 1: ¢4, ¢3, ..., ¢, E P implies = ¢p; - (P2 > (... (P, = P) ...))

" Note: E ¢ means that ¢ is valid
" ¢ evaluates to true under any model.
" eg,E(aVv-a)



Proof for Completeness of ND for Prop Logic

Proof for Step 1: From ¢4, @5, ..., ¢, E P, prove E ¢p1 > (¢ = (.. (P, = P) ...)).

= @1 - (¢ > (...(¢p, > P) ...)) could only evaluate to false
= ifall ¢, ... ,, evaluate to true, but i evaluates to false

= But this contradicts the fact that ¢4, ¢, ... ¢,, E Y holds.
= Thus, = ¢; = (@2 = (..(pn — P) ...)) holds.



Proof for Completeness of ND for Prop Logic

Proof Idea:

Assuming that ¢4, ¢,, ..., $,, E Y holds:
Step 1: We show that = ¢, — (¢2 - (..(p, 2 VY) )) holds.v/
Step 2: We show that - ¢p; — (gbz = (o (¢ = ¥) ...)) holds.
Step 3: Finally, we show that ¢, ¢,, ..., d,, - ¥ holds. ¢=



Proof for Completeness of ND for Prop Logic

Proof for Step 3: From - ¢p; — (qbz - (... (b, > YP) )) prove ¢, P, ..., D, - Y.

= We have a proof for

- ¢ - (¢2 > (. (Pp > Y) ))

d1 - (P2 > (. (Pn—>P).))




Proof for Completeness of ND for Prop Logic

Proof for Step 3: From - ¢p; — (¢2 - (... (b, > YP) )) prove ¢, P, ..., D, - Y.

= We have a proof for = Transform into a proof for
- ¢ = (¢2 = (o (pp 2 Y) )) b1, P2 o P F Y
%?
>
$1- (P2 - (.(Pn > P)..)) d1 - (P2 > (. (Pn > P).))




Proof for Completeness of ND for Prop Logic

Proof for Step 3: From - ¢p; — (qbz - (... (b, > YP) )) prove ¢, P, ..., D, - Y.

= We have a proof for = Transform into a proof for
- ¢ = (¢2 = (o (pp 2 Y) )) b1, P2 o P F Y
M ”/@j’ b1 ass.
- s :?l b, ass.
d’n ass.
>
1~ (P2 - C(Pn > P) ) $1-(p2- (P> .)) Se
$2 > (. (Pn > WP)..)) - e
b — Se
Y >e




Proof for Completeness of ND for Prop Logic

Proof Idea:

Assuming that ¢4, ¢,, ..., $,, E Y holds:
Step 1: We show that = ¢, — (¢2 - (..(p, 2 VY) )) holds.v/
Step 2: We show that - ¢p; — (qbz - (...(p, = YP) )) holds. ¢=
Step 3: Finally, we show that ¢4, ¢3, ..., ¢, = P holds.  /



Proof for Completeness of ND for Prop Logic

Proof for Step 2:
From = 61 = (92 = (. (g > ) ) prove k 6y = (92 = (- (9n > 1) )

| |
From En prove Fn




Proof for Completeness of ND for Prop Logic

Proof for Step 2: From = n prove + n.

Proof Idea: Sub-proof for every line in truth table

= Assuming k& n holds. Let p4, ... p,, the propositional atoms of n
= We know that n evaluates to true for all 2" lines of the truth table

= Thus, we can encode each line in truth table as sequent and know that the sequent is correct.
= This step is proven by Proposition 1.38, page 51, book: Logic in Computer Science



Proof for Completeness of ND for Prop Logic

Proof for Step 2: From = n prove + n.

Proof Idea: Sub-proof for every line in truth table

= Assuming k& n holds. Let p4, ... p,, the propositional atoms of n
= We know that n evaluates to true for all 2" lines of the truth table
= Thus, we can encode each line in truth table as sequent and know that the sequent is correct.

" APy, ..-TPy, P BN
" Dn, P2, P11 BN
" Pny P2,7P1 FN

Pny+ D2, P1FTM



Proof for Step 2: From = n prove + n.

Proof Idea: Sub-proof for every line in truth table

= Combine proofs into single proof without premises
= - Use LEM for all propositional atoms, then separately assume all cases
= Example: Howtodothisfor- (pAq) = p

| —

© oo N O Ot e W N

Proof for Completeness of ND for Prop Logic

pV p LEM
p ass -p ass
qV —q LEM|| q V —q LEM
q ass||—q ass q ass|[—q ass
PAq—p PAq—Dp PAg—Dp PAq—Dp
pPAG— P Ve pPANGg—p Ve
PANq—Dp Ve




Proof for Completeness of ND for Prop Logic

Proof Idea:

= Assuming that ¢4, ¢, ..., ®,, E Y holds:
= Step 1: We show that & ¢p; — (¢2 - (...(¢py, 2 ) )) holds.v/
= Step 2: We show that - ¢p; — (q)z - (...(p, = YP) )) holds. v/
= Step 3: Finally, we show that ¢, ¢, ..., ¢ F P holds.  (/
We have proven the Completeness Theorem G ;@

= I @, 05, ..., 0, EYisvalid, then ¢4, P, ..., P, - Y holds.”




Soundness and Completeness

We have proven that Natural Deduction for prop. logic is sound and complete!

" 1,0y, ..., 0, E Y holds if and only if ¢, ¢,, ..., P, F P holds.

@ Completeness
Soundness




Outline

- PRE0

= Prove tautologies with uniform method
" from completeness proof




Uniform Approach To Prove Tautologies

= Use LEM for all propositional atoms, then separately assume all cases
= Proof contains sub-proof for each line in truth table
= Example:+- (pAq) > p

1 pV —p LEM
2 P ass —p ass
3 qV —q LEMI|| q V —q LEM
4 q ass||—q ass q ass|[—q ass
D pAq  ass pAq ass pAq ass ||| pAq ass

6 p Ne p Ne 14 Ne p Ne

7 pAg—=p=illpAg—p =i ||[|[pAg—p o i|lpAg—Dp >
8 pPAq—D Ve pAq—Dp Ve
9 pAqg—p Ve



Thank YoL

https://xkcd.com/1033/



