Logic and Computability 5524,
Assignment 4

Due: 15. 05. 2024, 23:59

SOLUTION

1 Natural Deduction for Predicate Logic

For each of the following sequents, either provide a natural deduction proof, or a counter-
example that proves the sequent invalid.

For proofs, clearly indicate which rule, and what assumptions/premises/
intermediate results you are using in each step. Also clearly indicate the scope of any boxes
you use.

For counterexamples, give a complete model. Show that the model satisfies the premise(s)
of the sequent in question, but does not satisfy the respective conclusion.

1. [2 points] Vz (P(z) A Q(x)) + dz (P(x) V Q(x))
_I Solution !

1. Vz (P(x) ANQ(z)) prem
2. P(zo) N Q(zo) Vel
3. P(xo) Ne2
4. P(xo) V Q(xo) Vi3
5. Jz (P(z)VQ(x)) T4
2. [3 points] 3z =P(x) F  =Vz P(z). 2008.tex



_I Solution !

1. Jr = P(x)  premise
2. Vo P(x) assumption
3. P(zy) V.2
4. —P(x) assumption fresh o
5. 1 03,4
6. 1 3,1,3-5
7. -Vz P(x) —2-5
3. [2 points] Jz (P(x) vV Q(z)) F  Jz P(x)V Iz Q(x)

_I Solution !

—_
e

B -l e

dz (P(z) V Q(z)) prem.

xo P(xo) V Q(x0) ass.
P(zy) ass.
dr P(x) Ji3
dr P(z) vV 3dz Q(x) Vid
Q(zo) ass.
Jr Q(x) Ji6
dr P(x) vV 3z Q(z) ViT
dr P(z)V3dz Q(x) Ve2,3—-8
dr P(z)V 3z Q(x) Jel,2-9

4. [2 points| dx = P(x),dxr =Q(x)

1013 sol.

2007 sol.1



_I Solution !

This sequent is not provable.

Model M:
A = {a,b}
PM = {a}
QM = {b}

M | Jz =P(x), Iz =Q(z)
MFE Jz (=P(z) A =Q(x))

0012_ sol.
5. [3 points] Vx (P(z) V Q(x)), Vx (-P(z)) F  Vz(Q(x))
_I Solution !
L. Vo (P(z)V Q(x))  premise
2. Vo (—~P(x)) premise
3. fresh o
4. P(x0) V Q(x0) Vel xg
5. —P(z0) V2
6. P(zy) assumption
7. L —9,6
8. Q(zo) 1.7
9. || Q(xo) assumption |
10. | Qo) Vo4 6 —8,9
11 Vr Q(x) V3 —10
6. [3 points] VaVb (P(a) AQ(b)) F  Va3db (P(a)V Q(b))



_I Solution !

N g W

Vavb (P(a) A Q(b))  prem.
Vb (P(s) A Q(b)) Ve 1
P(s) NQ(t) Ve 2
P(s) Nep 3
P(s) VvV Q(t) Vip 4
3b (P(s) V Q(b)) Ji 5
Va3b (P(a) V Q(b)) Vi 2-6

0005__sol.
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