Logic and Computability 5524,
Assignment 2

Due: 10. 04. 2024, 23:59

SOLUTION

1 Natural Deduction for Propositional Logic

For each of the following sequents, either provide a natural deduction proof, or a counter-
example that proves the sequent invalid.

For proofs, clearly indicate which rule, and what assumptions/premises/
intermediate results you are using in each step. Also clearly indicate the scope of any boxes
you use.

For counterexamples, give a complete model. Show that the model satisfies the premise(s)
of the sequent in question, but does not satisfy the respective conclusion.

1. 2 points] z A (yANz) F (zAy)Az
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L. A (YAz) premise
2. T Nell
3. YNz Ne21
4y A13
D. z Ne23
6. T Ay Ni2,4
7. (xANy) ANz  ND,6

2. [3 points] pAgVr F (pVr)A(gVrT)
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This sequent is provable.
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(pANq)Vr premise
pPAq assumption
P Nel2
pVvVr V;13

q Ne22
qVvr V;15
(pVr)A(gVr) A4,6

r assumption
pVvVr V28
qVvr V28
(pVr)A(gVvr) A9, 10

—
o

(pVr)A(gVr)

V1,2 7,811

3. [3 points]

(a) F =(=pVq)Vp
(b) F —pV(~qVp)
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MET

(a) This sequent is not provable.

M:p=Fq=T

ME =(=pVq)Vp

1. pV —p LEM

2. - assumption

3. —pV(—qVp) V12

4. P assumption

9. —qVDp V;3 4

6. -pV(-qVp) V15

7. “pV(2qVp) Al 2-3,4-6




4. [3 points] (p = q)A(g—71),p = ——rA-p
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M:p=T q=T,r=T

ME@p@—=qAN@—r1)p
ME ==r A —p

This sequent is not provable, counter example:

5. [4 points] =(g Ap) F =gV -p
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This sequent is provable.
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Alternative Solution:

1. =(¢ADp) premise
2. —(—=g V —p)  assumption
3. —q assumption
4. —qV p V13
5. € —.2,4
6. q PBC3-5
7. -p assumption
8. —qV —p V27
9. uE =2, 8
10. D PBC7-9
11. gNp N;6,10
12. il -.1,11
13. gV —p PBC 2 —12
Alternative solution:
1. —(gAp)  premise
2. —qVq LEM
3. —q assumption
4. qV-p V;13
5. q assumption
6. P assumption
7. qAp Aib, 6
8. 1 —1,7
9. -p -,6 —8
10. —qV-p V29
11. —qV-p  Ve2,3—4,5—10
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