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Abstract

Serial dependence is a general phenomenon in time series data, and has motivated the devel-
opment of many dependence conditions. However, the commonality between these dependence
conditions is relatively less known. In this paper, we propose a new dependence measure, named
Kolmogorov dependence measure, and develop the Kolmogorov dependence condition under this
measure. We show that the Kolmogorov dependence condition unifies a number of widely used
dependence conditions by serving as a common necessary condition. To demonstrate the ap-
plicability of the Kolmogorov dependence condition, we derive the rates of convergence for a
class of large quantile-based scatter matrix estimators under this condition. This manifests the
usefulness of the results devised in this paper since asymptotic analysis of quantile statistics
under dependence is known to be challenging in high dimensions.
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1 INTRODUCTION

Dependent data arises from a wide range of applications (Fan et al., 2014). For example, in finance,
the series of asset returns commonly exhibit short-term or long-term memory (Andersen, 2009);
in functional magnetic resonance imaging (fMRI), the images from consecutive scans are serially
dependent (Purdon and Weisskoff, 1998; Woolrich et al., 2001); in geophysics, measurements made
in geographical sites over time usually exhibit temporal dependence (Majda and Wang, 2006).

The prevalence of serial dependence has motivated the development of various dependence condi-
tions. These conditions can be categorized into structural conditions and non-structural conditions.
The former are based on specific models for the data generating mechanism. Examples of structural
conditions include vector autoregressive (VAR) models and physical dependence conditions. We
provide a brief review of these conditions and their applications in high dimensions.

e VAR models: The VAR models specify that the observed random vector depends linearly
on its previous realizations. Under this model, Loh and Wainwright (2012) investigated
sparse linear regression; Han and Liu (2013c) and Qiu et al. (2015b) proposed to estimate
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the transition matrix via Dantzig-selector-type approaches; Wang et al. (2013) studied the
performance of sparse principal component analysis; Qiu et al. (2016) considered estimating
time-varying graphical models.

e Physical dependence: For stationary causal processes in the form of {X; =g({e;};<¢)}tez,
the physical dependence condition (Wu, 2005) assumes that the difference between X; =
g({€}j<t) and X[ = g({€,€; : j < t,j # 0}) decays to 0 as ¢ goes to infinity. Here
{€}, € : j € Z} is a sequence of independent and identically distributed random vectors, and
g is a measurable function'

of X; on €p. Under this condition, Xiao and Wu (2012) derived rates of convergence for

banding and thresholding estimators of the autocovariance matrix for stationary time series;

Chen et al. (2013) studied the estimation of covariance and inverse covariance matrices for

. The difference between X; and X, quantifies the dependence

stationary and locally stationary time series.

Despite the wide applications of the structural dependence conditions, some inconvenience exists
in that the dependence measure relies on a model while the “true” generating mechanism is usually
unknown?. In contrast, non-structural dependence conditions rely on model-free dependence mea-
sures. For a time series { X}z, these dependence measures quantify the degree of dependence
between the “past”, {X;}i<o, and the “future”, {X;};>,. Examples of non-structural dependence
conditions include, among many, the mixing conditions and the weak dependence conditions, as
illustrated below with a focus on the applications in high dimensions.

e Mixing conditions: The mixing conditions are built on various mixing coefficients, which
quantify the dependence strength between the o-fields generated by {X;}i<o and {X;}i>n.
The mixing conditions specify that the mixing coefficients decay to 0 as n goes to infinity. As-
suming exponentially decaying a-mixing coefficients, Fan et al. (2012) studied the asymptotic
behavior of the sample covariance matrix; Fan et al. (2011) and Fan et al. (2013) considered
covariance matrix estimation under factor models with factors observed and unobserved, re-
spectively. Based on these covariance matrix estimators, Fan et al. (2015) derived limiting
distributions for portfolio risk estimators; Bai and Liao (2016, 2013) derived limiting distri-
butions for the estimated factors and factor loadings. Besides the a-mixing conditions, Pan
and Yao (2008) and Lam et al. (2011) exploited the ¢- and ¥-mixing conditions in estimating
factors and factor loadings. Under ¢-mixing conditions, Han and Liu (2013a) studied princi-
pal component analysis, Qiu et al. (2015a) studied quantile-based scatter matrices, and Fan
et al. (2016) studied risk inference. Recently, Han (2018), Shen et al. (2020), and Han and Li
(2019), among many others, also established relevant exponential inequalities.

e Weak dependence: The weak dependence conditions rely on a dependence measure quan-
tified by the covariance between smooth functions of {X;};<¢ and {X;}>p, and require that
the covariance goes to 0 as n goes to infinity (Doukhan and Louhichi, 1999). Under the weak

'X; = g({€;}j<¢) is interpreted as a physical system with {€;};<; as the inputs and X; as the output.

2We note that the data generating mechanisms themselves can be fairly general. For example, linear processes are
special cases of stationary causal processes with g({€;};j<¢) = Yoo, ®r€r—k, where B9 = I; and @), € R**%. Wold’s
decomposition theorem (Wold, 1938) states that any process where the only deterministic term is the mean term can
be represented as a linear process.



dependence conditions, Kallabis and Neumann (2006) and Doukhan and Neumann (2007)
derived various probability and moment inequalities; Fan et al. (2012) studied the sample
covariance matrix; Sancetta (2008) considered shrinkage estimators of covariance matrices.

The mixing conditions have been criticized for being difficult to verify (Doukhan and Louhichi,
1999 and more recently Han and Wu, 2019). The difficulty is mainly due to the o-fields involved in
the definitions of the mixing coefficients. In comparison, the weak dependence conditions are easier
to verify in many scenarios. However, the covariance-based dependence measure only considers
smooth transformations of the data. These conditions are not directly applicable to many other
scenarios, such as the analysis of many quantile-based statistics, where non-smooth transformations
are involved.

The aforementioned dependence conditions are based on distinct measures of dependence, and
the commonality between them is unclear.

In this paper, we propose a new dependence measure named the Kolmogorov dependence mea-
sure. This dependence measure is naturally formulated using the Kolmogorov distance. Specifically,
for two sequences of random variables, we quantify their dependence by the Kolmogorov distance
(a.k.a. the Kolmogorov metric, referred to as the celebrated Kolmogorov—Smirnov statistic) between
their joint distribution and the product of their marginal distributions. Using this dependence mea-
sure, we develop the Kolmogorov dependence condition for multivariate time series. We show that
the Kolmogorov dependence condition unifies a class of VAR models, mixing conditions, physical
dependence conditions, and covariance-based weak dependence conditions by serving as a common
necessary condition.

The major challenge in building the connections between the Kolmogorov dependence condition
and other conditions lies in the fundamental difference in the dependence measures. In particular,
the Kolmogorov dependence measure is essentially the covariance between non-smooth transfor-
mations of the data, and hence standard techniques for analyzing smooth transformations are no
longer applicable. To overcome this challenge, we devise a technique that approximates the discon-
tinuous functions via smooth ones. These techniques enable the establishment of the Kolmogorov
dependence condition under a wide variety of existing dependence conditions.

To further demonstrate the usefulness of the Kolmogorov dependence condition, we analyze a
family of quantile-based scatter matrix estimators under high dimensional dependent data. It is
shown that the Kolmogorov dependence measure facilitates an easy analysis of these estimators,
and also captures the impact of serial dependence on estimation accuracy in a natural way.

Our contributions lie in three main aspects. First, we propose a novel dependence condition with
a novel dependence measure. It unifies a number of widely used dependence conditions by serving as
a common necessary condition. Secondly, under the Kolmogorov dependence condition, we derive
the rates of convergence for a family of quantile-based scatter matrix estimators. This enables the
analysis of quantile statistics under much weaker dependence assumptions than ¢-mixing that was
used in Qiu et al. (2015a), the only paper that gives comparable results. Lastly, we develop a set of
techniques for analyzing time series using the Kolmogorov dependence condition. These techniques
are of independent interest.



1.1 Organization

We organize the rest of this paper as follows. In Section 2, we propose the Kolmogorov dependence
condition, and demonstrate its relations with other dependence conditions. In Section 3, we ap-
ply the Kolmogorov dependence condition to analyzing a family of quantile-based scatter matrix
estimators. In Section 4, we provide a discussion of the main contributions of this paper. We
gather the proofs of the theoretical results, additional technical results, and supporting lemmas in
a supplement.

1.2 Notation

Let v = (vi,...,vq)" € R? be a d-dimensional vector, and M = [M;z] € R1*% be a dy x dy
matrix with Mjj as the (j,k)-th entry. For 0 < ¢ < oo, we denote the ¢, norm of v as ||v||, :=
(E?:l vj|9)/7 and the £, norm of v as ||v||e := max; |v;]. Let the matrix £y, norm of M be
| M||max = maxj, | Mjx|, the matrix o, norm of M be ||[M||s := max; Z‘Izzl | M|, the Frobenius

norm be [[M|[F := /> M]2 , and the spectral norm be |[M||2 := Apax(VMTM), i.e., the largest
singular value of M.

For a sequence of numbers ay,...,aq, we denote diag(ai,...,aq) to be a diagonal matrix
with ai,...,aq on the diagonal. Similarly, for a sequence of matrices Ay,..., Ay, we denote
diag(Aq,...,Ag) to be a block diagonal matrix with Aj,..., A; on the diagonal.

Denote Z to be the set of all integers, and ZT to be the set of all positive integers. Let S, 7 C Z
be two sets. We denote |S| as the cardinality of S, and d(S,T) := inf{|s —t| : s € S,t € T} as the
minimal distance between the elements in S and 7.

Throughout the paper, we use C,C7,Co,... to denote generic constants, though the actual
values may vary at different occasions. We use e; to denote the j-th column of the identity matrix,
and define S, := {ej,e; + ey, ej —e,:j#ke{l,...,d}}.

For a sequence of random variables {X,,} and a sequence of non-negative real numbers {a,},
we write X,, = Op(a,) if X, is stochastically bounded by a,,. That is, for any ¢ > 0, there exist
finite numbers M > 0 and N > 0 such that P(|X,,| > M|ay|) < € for all n > N.

2 KOLMOGOROV DEPENDENCE

The following is the definition of the Kolmogorov dependence measure.

Definition 2.1. Let {X;}ses and {Y;}te7 be two sequences of random variables indexed by sets
S,T C Z. We define the Kolmogorov dependence measure between the two sequences by

H({Xs}se&{Yt}tGT) =
IP’(XS <uY,<uVse€S,te T)—

sup
u€R

IP’(XS <uVse S)P(y; <uVte 7')’

If we define F(u) :=P(Xs < u,Y; <wu,Vs € S,t € T) and G(u) :=P(X; <u,Vs € S)P(Y; <
u,Vt € T), the Kolmogorov dependence measure between {X;}scs and {Y; }1e7 is the Kolmogorov
distance between F' and G: K({Xs}ses, {Yiter) = supyer |F'(u) — G(u)|. It is hence also clear
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that Kolmogorov dependence measure, which corresponds to the Kolmogorov distance, is strictly
weaker than the a-dependence measure, which will be introduced later and corresponds to the total
variation distance.

Based on the Kolmogorov dependence measure, we next introduce the Kolmogorov dependence
condition for stationary time series.

Definition 2.2 (Kolmogorov dependence condition). A stationary univariate time series {X;}iez
is called (¥, p)-Kolmogorov dependent if there exist a function ¥ : Z* x ZT — R and a sequence
{p(n) }n>0 decreasing to 0 at infinity such that for any finite non-empty sets S, 7 C Z with max(S) <
min(7"), we have

K({Xs}ses, {Xe}er) < U(S| | Tp{d(S, T)}-

A stationary multivariate time series {X; € R%}cz is called (S, V¥, p)-Kolmogorov dependent if
there exits a set S C R such that for any a € S, the time series {a' X;};c7 is (¥, p)-Kolmogorov
dependent.

Kolmogorov dependence condition falls in the category of non-structural conditions. Here
d(S,T) represents the gap in time between the “past”, {X;}ics, and the “future”, {X;}ic7. The
sequence {p(n)}n>0 characterizes how fast the dependence strength between them, measured by k,
decays as the time gap increases. We also note that S controls the stringency of the condition. If
S1 € Sg, (S2, ¥, p)-Kolmogorov dependence implies (S, ¥, p)-Kolmogorov dependence.

In the following theorems, we connect the Kolmogorov dependence condition to several de-
pendence conditions frequently used in the literature, i.e., VAR models, mixing conditions, weak
dependence, and physical dependence. In particular, we show that time series satisfying these
dependence conditions are Kolmogorov dependent.

Theorem 2.1 (VAR model). Let {X; € R%}4cz be a stationary time series satisfying the vector
autoregressive model

Xt = AXt_l + €, for any te Z,

where {€;}1cz is a sequence of i.i.d. random vectors. For S C R such that supgeg||z[2 < oo,
assume the following conditions hold:

L [[Allz < 1.
2. ElaT A€ | < C|la|2||Al§ for any @ € S, any ¢ € ZT, and some constant C' > 0.

3. For any a € S, there exists a constant H > 0 such that P(u < a” X; < u + v) < Hv for any
u €R,v>0.

Then { X, }icz is (S, ¥, p)-Kolmogorov dependent with

\I’(u,v)p(n) = {4H+3csupm€S Hw”Z

2(1-[|All2)

furo)| Al

Remark 2.2. Condition 1 guarantees that { X, }:cz is a stable process. Condition 3 is a smoothness
condition on the distribution function. For Condition 2, when d is fixed, since E|aTAfe;| <
laTAf||2E|l€1]l2 < |lall2]|A||5E|l€1]|2, the condition is satisfied with S = R? provided that E| €2 <



oo. When d may scale with the sample size, Condition 2 can be satisfied by assuming either
Gaussian innovations, {€;}+cz, or certain sparsity structures on the transition matrix A, depending
on the structure of S:

1. Gaussian innovations: Suppose that €; ~ N(0,3.) follows a Gaussian distribution with
|Xell2 < C for some constant C. By the properties of Gaussian distributions, we have

a’Ale; ~ N(0, aTAZEEAZTa).

Thus, we obtain

ElaTAe| = \/ gaTAKE€A€Ta
s

2 2C
<\ 21melbaals < | al Al

Thus, Condition 2 is satisfied with S = R%.

2. Sparse transition matrix: Consider S = S.. In Section 3, we will show that S, is what
we need to obtain the rate of convergence for a class of scatter matrix estimators. Sup-
pose that A is block diagonal: A = diag(Ai,...,A,,), where d; := dim(A;) is fixed for
i = 1,...,m while m may scale with sample size. In other words, {X;};cz consists of
autoregressive blocks. For any j € {1,...,d}, let i9p = min{i : j < dy + -+ + d;} and
€1 = (€11,...,€1,) partitioned according to the dimensions of (Aj,...,A,;). We have
Ele] Aler] < A l5E €, ll2 < [|A5Eller,ll2. Thus, ElaT Aer| < 2[|A[5E|€w, 2 for any

a € S.. Therefore, Condition 2 is satisfied if E|€;]j2 < co for i =1,...,m.

Next, we introduce the mixing conditions.

Definition 2.3 (Bradley (2005)). Let {X;}iez be a stationary time series defined on a common
probability space (2, #,P). For —oco < J < L < oo, define ﬁJL =0(Xy:J <t<L,t€Z) as the
o-field generated by {X; :J <t < L,t € Z}. Denote £2(ij) to be the space of square-integrable,
F JL—measurable random variables. For any n > 1, define the following mixing coefficients:

a(m) =  sup ‘IP’(A N B) - P(A)P(B)|;
AeF0 _, BEFo
b(n) = sup [P(B| 4) - P(B)|;
AeFC _, BeZge, P(A)>0
P(AN B)
(n) = sup ek l;
AeFO_, BeFe, P(A)>0, P(B)>0 ‘P(A)P(B)
o= sw |Con(f.g)|
FEL(F0,), geL(F5)
B(n) = sup

{A;}_, partition Q, 4,€7°
{B;}/_, partition Q, B;eZ°

I J
% S5 B n By) ~ B(A)E(B,)|

i=1 j=1



The time series {X;}iez is a-, ¢-, ©-, p-, or B-mixing if and only if the corresponding mixing
coefficient goes to 0 as n goes to infinity.

The mixing coefficients measure the dependence of two subsequences with time gap n. Analo-
gous to the sequence p(n) in the Kolmogorov dependence condition, the rate at which they converge
to 0 characterizes the degree of dependence over the time series. If any of these mixing coefficients
is 0 for all n, the series {X;}iez is independent. These mixing coefficients satisfy the following
inequalities (Bradley, 2005):

(n) <1/2%(n)

¢
() (2.1)

{ a(n) < B(n) <
da(n) < g(n) <

for any n € Z™.

The connection between the Kolmogorov dependence measure and the mixing coefficients are
straightforward. For any a € R? and finite sets S, 7 C Z with max(S) < min(7), we have

{a"X; <u:teS}eco{X,:t<max(S)},
{a"X; <u:teT}eo{X,:t<min(T)}

for any u € R. Therefore, we have k({a'X;}ies, {a' X ier) < af{min(T) — max(S)}. Using
(2.1), we immediately have the following theorem.

Theorem 2.3 (Mixing). a-, ¢-, 1-, p-, and B-mixing time series are (R%, ¥, a)-, (R%, ¥, ¢)-,
(R4, W, 1p)-, (R, W, g)-, (R, ¥, B)-Kolmogorov dependent ,respectively, for any function ¥ > 1.

Compared with the mixing conditions, the Kolmogorov dependence condition is easier to verify.
For example, establishing the relation between VAR models and the a-mixing condition has proven
to be difficult, mainly due to the o-fields involved in the definition of the mixing coefficient (Chanda,
1974; Gorodetskii, 1978; Andrews, 1984; Pham and Tran, 1985). In comparison, the proof of
Theorem 2.1 is natural and concise (Section A.1).

Next, we introduce the weak dependence measure of Doukhan and Louhichi (1999). For a
function g : (R)* — R, define

Lip(g) ::sup{ \g(xl, c ,xu) — 9(3’17 <. aYu)\ )
Ix1 —yill 4+ + [Xe — yul
(X1, .., Xy) # (yl,...,yu)}, (2.2)

where || - || is a norm on R% Denote A := {g : (R*)¥ — R for some u : Lip(g) < oo} and
AW = {g € A |lgllo < 1}, where [lg]lo := sup, g(x).

Definition 2.4 (Doukhan and Louhichi (1999); Doukhan and Neumann (2007)). A stationary time
series { X3 }yez is (AD, 4h, ¢)-weakly dependent if and only if there exist a function 1) : R2 xN? = Ry
and a sequence {((n)},>0 decreasing to 0 as n goes to infinity, such that for any gi, g2 € A with

1 (RHY 5 R, go : (RN = R, u,v € ZT, and any u-tuple (sq,...,sy), v-tuple (t1,...,t,) with
51 < - <5y <ty < -2 < iy, the following inequality is satisfied:

Cov{gl(Xsl,...,Xsu),gQ(th,...,Xtv)H
< ¢(Lip(g1), Lip(g2), u, v){(t1 — su)-




Important examples of (A(l), 1, ¢)-weakly dependent processes include 6-, n-, k-, and A-dependence.
They correspond to specific choices of function 1, as listed in Table 1.

Similar to the sequence p(n) in Kolmogorov dependence condition, the sequence ((n) describes
the degree of dependence over the (A<1),¢;,g )-weakly dependent time series. The next theorem
relates the weak dependence condition to Kolmogorov dependence.

Table 1: Important Examples of Weak Dependence (Definition 6 in Doukhan and Neumann, 2007).

0-dependence: | Y (z,y,u,v) = vy
n-dependence: | ¥(z,y,u,v) = ur + vy
k-dependence: | ¥(z,y,u,v) = uvzy
A-dependence: | ¥(x,y,u,v) = ux + vy + wvry

Theorem 2.4 (Weak dependence). Let {X;}ez be a (AW 4, ¢)-weakly dependent time series,
and || - ||+ be the dual norm of || - || in (2.2). For S C R? such that supgcs |||/« < oo, assume that
for any a € S, there exists a constant H > 0 such that P(u < a" X, <u-+ v) < Hv for any u € R
and v > 0. Then the following statements hold:

1. If {X;}iez is 0- or n-dependent, then {X;}ez is (S, ¥, p)-Kolmogorov dependent with

V(w0)p(n) = (41 + Jsup al.) (u+ 0) Vo)

2. If {X;}1ez is k-dependent, then { X}z is (S, ¥, p)-Kolmogorov dependent with

9
sup ku%}an)l/?’.

W (u,v)p(n) = {4H (u+0)+ 1 sup

3. If {X,}iez is A-dependent, then { X}z is (S, ¥, p)-Kolmogorov dependent with

W(u,0)p() ={(4H+ sup ¢ (2) sup . ) (u-0)

9
= sup ||m||2uv}<<n>1/3.
16 €S

A special case of the mixing conditions and the weak dependence condition is m-dependence.

Definition 2.5. A stationary time series {X;}¢cz is m-dependent if and only if for any ¢ € Z,
{Xs:s<t}and {X,:s5>t+m} are independent.

If the time series {X;}icz is m-dependent, it is mixing with the mixing coefficients being
0 whenever n > m, and is (AN, 1), ¢)-weakly dependent with ¢(n) = 0 whenever n > m. In
particular, we have the following corollary.

Corollary 1 (m-dependence). An m-dependent time series { X; € R%};¢7 is (R?, ¥, p)-Kolmogorov
dependent with p(n) = I(n < m) and ¥ = supg 7z qerd K({a' X}tses, {aT Xibier).

Lastly, we introduce the physical dependence measure proposed in Wu (2005)3.

3We slightly generalize the definition in Wu (2005) to accommodate multivariate time series.



Definition 2.6 (Wu (2005)). Let {€}tez be i.i.d. random vectors, and {€}}icz be an i.i.d. copy
of {€&}iez. Foraset I CZ, let e,y =€, ift € I and €7 :=¢€ if t ¢ I. Let F; :={...,€_1,€} be
a shift process, and F;; := {..., €11, €1} be a coupled version of F;, where €; is replaced by €;
if t € I. Let g be a measurable function to RY. We define the physical dependence measure to be

(1,1, 9) = llg(Fe) — g(Fi.0)lp;

where p > 1 is a constant, and ||g(F;) — g(Fi.1)llp := {E|lg(F:) — g(FtJ)Hp}l/p for a norm | - || on
R,

The process {X; = g(F) }1ez is stationary, and is causal or non-anticipative in the sense that
X does not depend on future innovations {€s : s > t}. F; and X; can be regarded as the inputs
and output of a physical system g. 0,(I,t,g) quantifies the dependence of g(F;) on {¢; : t € I}.
The next theorem connects physical dependence measure to Kolmogorov dependence.

Theorem 2.5 (Physical dependence). Following the notations in Definition 2.6, let X; = g(F;),
|||« be the dual norm of || || on R%, and S € R? such that sup,¢g ||z[|« < oo. Assume the following
conditions hold:

1. For any a € S, there exists a constant H > 0 such that P(u < a" X, <u+ v) < Hv holds for
any u € R and v > 0.

2. limyyo0 6p(1,t,g) =0 for I ={0,—-1,-2,...}.
Then {X;}icz is (S, ¥, p)-Kolmogorov dependent with

U(u,v)p(n) = <4H+ gitgg) ||sc||*)(u+v) dp(I,m,g).

For brevity, we denote 6,(t,g) := 9,({0},¢,g). Although Theorem 2.5 only considers I =
{0,—-1,-2,...}, the following theorem relates 6,(,t,g) to d,(t,g).

Theorem 2.6 (Wu (2005)). Let p > 1, C, := 18p*2(p — 1)"V2if 1l < p < 2, Cp := /2p if p > 2.
We have

08 (I,n,g) <20°CE Y " 5,(n—i,g)”,
i€l
where p’ := min(p,2) and I C Z.

Theorem 2.6 shows that the physical dependence of g(F;) on {€; : t € I} can be upper bounded
by the physical dependence of g(F;) on each €; for ¢ € I individually. In fact, a number of physical
dependence conditions in the literature are given under §,(¢, g) alone. For example, Xiao and Wu
(2012) and Chen et al. (2013) considered the short-range dependence condition: Y 2 d,(m,g) <
oo with fo, norm. According to Theorem 2.6, Condition 2 in Theorem 2.5 is satisfied by the
short-range dependence condition.

Although VAR models, Doukhan’s weak dependence, and physical dependence appear to be of
dramatically different forms, the derivations of their relations to Kolmogorov dependence are based
on the same technique. They commonly rely on a smooth approximation of the indicator function,
which connects the Kolmogorove dependence measure with the covariance between the “past” and
the “future”. We refer to Section A in the supplementary material for the detailed proof.



3 QUANTILE-BASED SCATTER MATRICES

In this section, we demonstrate the usefulness of the Kolmogorov dependence theory by deriving
the rate of convergence for a family of quantile-based scatter matrices under high dimensional time
series.

Let Z € R be a random variable and ¢ € [0, 1] be a constant. We define the g-quantile of Z as

Q(Z;q) =inf{z:P(Z < z) > q}.

Q(Z;q) is unique if there exists a unique z such that P(Z < z) = ¢. If F is the distribution
function of Z, we also use Q(F;q) exchangeably with Q(Z;q). Correspondingly, we define the
empirical g-quantile of a sample, {2}, as

@({zt}le;q)::z(k’), where k:min{t:%Zq}. (3.1)

Here z() < 22 < ... < 2(T) are the order statistics of 21, ..., zp. Built on quantiles, the median
absolute deviation (MAD) (Hampel, 1974) provides a robust measure of scale. The population and
sample MADs are defined as®

M =aff|7- (x| ).
8M({Zt}tT:1§ q) = @({ 2t — @({zs}le; %) ’}T QQ)-

t=1
In the rest of the paper, we suppress the parameter ¢ and write o™ (Z) and 7™ ({2;}._,) for nota-
tional brevity. Let {Xt}thl be a stationary sequence of random vectors, where X; = (X1, ..., Xtd)T.
As a generalization of MAD to the multivariate scenario, the population and sample MAD scatter

matrices can be defined as R := [R ;] and R:= [ﬁjk], where the entries of R and R are given by
Rj; =o"(X1;)%, Ryj =" ({Xy 1),
R :% [UM(X1j+X1k)2_UM(X1j_Xlk)2] for j#k,
R = [N (X4 X )M (X~ X)L )?)
for j # k.

In Han et al. (2014), R and R have been studied under independent data for elliptical distributions
and beyond, which have been deeply studied in Liu et al. (2012), Han and Liu (2012), Han and Liu
(2013b), Han and Liu (2014), Zhou et al. (2019), Han and Liu (2017), Han and Liu (2018), among
many others. However, their properties under dependent data is unknown. Now, we investigate
the consistency of R under Kolmogorov dependence. We begin by introducing two conditions on
the sample { X;}L ;.

Condition 3.1. {X;}L, is a sample from a (S, ¥, p)-Kolmogorov dependent time series {X;}cz
such that

1. S=S.:= {ej,ej—f—ek,ej—ek:j;éke{1,...,d}};

“In Hampel (1974), ¢ was set to 1/2 to achieve the best possible 50% breakdown point (i.e., the maximum
proportion of outliers that the estimate can safely tolerate) and the most sharply bounded influence function (Hampel
et al., 1986).

10



2. U is one of the following functions:

(a) ¥(u,v)= 2w,
(b) ¥(u,v) = B(u+v)+ (1—pB)uw, for some S € [0,1];

3. {p(n)}n>0 satisfies

> (n+1)Fp(n) < LiL*(KY)®, for any k € Z*, (3.2)
n=0
where L > 0 and a > 0 are constants and L may scale with (7', d) such that

T
L=L(T,d) < . .
( ’d) — \/27a+11(10g d)2a+3 (3 3)

Equation (3.2) specifies the desired rate of decay in p(n). The upper bound in (3.2) is adaptive
to the sample size T and dimension d, in the sense that L is allowed to scale with (T, d) by the rate
VT /(log d)“+3/ 2. Intuitively, larger sample size provides more information, which in turn allows for
stronger dependence among the sample. On the other hand, larger dimension of the data entails
weaker dependence. Overall, d is allowed to scale in the rate exp{T''/(2¢+3)} without collapsing L
to 0.

The next condition is about the identifiability of the quantiles.

Condition 3.2. X is absolutely continuous and for any a € S., we have

d
inf —Fo(x) >,
le—Q(Fasq)|<r dx (@) (3.4)
d .

inf — Fy(x) >
|2—Q(Fasq)|<r dT ol@) 27
for some constants x,n > 0, where F, and F, are the distribution functions of a' X; and |aTX 1—
Q(a" X1;q)|, respectively.

Condition 3.2 guarantees the identifiability of the quantiles of the distribution functions. This
condition is standard in the literature on quantile statistics (Han et al., 2014; Belloni and Cher-
nozhukov, 2011; Wang et al., 2012). With Conditions 3.1 and 3.2, we can obtain the rate of
convergence for R.

Theorem 3.3. Let {Xt}thl be a sample from a stationary Kolmogorov dependence time series,
{X; € R%};cz, such that Conditions 3.1 and 3.2 hold. Suppose (logd)?**3/T — 0 as (T, d) go to
infinity. Then, for (T, d) large enough and any o € (0, 1), with probability no smaller than 1—24a?,
we have

IR — Rlmax <
8 2001 (logd+log(1/a)) 142
hay ] -
e S
8oM \/2“L1(10g d+log(l/a)) 1
s {16 o +T}}’ (3.5)
where oM. := max{ocM(a"X;) : @ € S.}, a and L; are defined in (3.2), and 7 is defined in (3.4).
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The implications of Theorem 3.3 are as follows:

1. In Condition 3.1, the decaying rate of p(n) is controlled by a and L;, which capture the
strength of serial dependence. Theorem 3.3 quantifies that these parameters affect the accu-
racy of the estimator R by modifying the upper bound of its estimation error.

2. When a, L1, , and o)L are fixed, the rate of convergence for R reduces to Op(y/logd/T).
Han et al. (2014) derived similar rates of convergence for R under independent data, and
showed that the rate leads to optimal rates of convergence for various covariance estimators

induced from R.

Theorem 3.3 establishes the rate of convergence for R using the language of the Kolmogorov
dependence. The proof of the theorem relies on the fact that both the Kolmogorov dependence
measure and the quantile function are closely related to non-smooth transformations of the data.
We refer to Lemma C.1 for technical details.

As is established by Theorems 2.1, 2.3, 2.4, and 2.5, the Kolmogorov dependence condition is a
necessary condition for VAR models, mixing conditions, various weak dependence conditions, and
physical dependence conditions. Therefore, Theorem 3.3 immediately implies rates of convergence
for R under these other dependence conditions. Below we present the results for VAR models and
a-mixing conditions as two examples.

Corollary 2 (VAR model). Let {X; € R?}]_, be a sample from a VAR process satisfying the
conditions in Theorem 2.1 with S = S,. Assume that Condition 3.2 holds and (logd)?**3/T — 0
as (T,d) go to infinity. Then we have

IR = Rmax =
o 3C 1 logd 1
Or[Z ) (4 =) 7]
"l \/ 1-[All/1- /A, T T
Here A is the transition matrix of the VAR process, o). = max{ocM(a"X;) : a € S.}, 1 is defined
in Condition 3.2, and H, C are constants defined in Theorem 2.1.

Corollary 2 shows that for VAR models, the effect of serial dependence on the consistency of R
essentially reduces to the spectral norm of the transition matrix. Similar findings have been noted
for Pearson covariance matrix estimation in a number of literature (Loh and Wainwright, 2012;
Han and Liu, 2013c; Qiu et al., 2016).

Corollary 3 (a-mixing). Let {X; € R?}7_, be a sample from an a-mixing time series satisfying

a(n) < Cy exp(—anr>, (3.6)
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where C7, Co and r are positive constants. Assume that Condition 3.2 holds. Then we have

IR — R|lmax =
oM Cy logd 1
max - . > 1- )
OP{ ) ( l-eC: T +T>}’ ifr=1; (3.7)
IR = Rlmax =
oM 2res 1 \1/mlogd 1
Imax |, [o1/r Zne -
oo 5 () Vg 3))
ifo<r<l1. (3.8)
Here oM. = max{oM(a" X;) : a € S.} and 7 is defined in Condition 3.2.

Condition (3.6) has been widely exploited in modeling dependence in financial time series. See,
for example, Fan et al. (2011), Fan et al. (2012), Fan et al. (2013), Fan et al. (2015), Bai and Liao
(2016), and Bai and Liao (2013).

In addition to VAR models and mixing conditions, rates of convergence under the weak depen-
dence conditions and the physical dependence conditions can be easily obtained using Theorems
2.4, 2.5, and 3.3. For conciseness, we omit further discussions herein. Prior to this work, compara-
ble rates were only derived under ¢-mixing conditions for quantile statistics under high dimensions
(Qiu et al., 2015a).

4 DISCUSSION

In this section, we discuss the uniqueness and the generality of the Kolmogorov dependence condi-
tion. The Kolmogorov dependence condition is closely related to the Doukhan’s weak dependence
conditions (Doukhan and Louhichi, 1999; Kallabis and Neumann, 2006; Doukhan and Neumann,
2007, 2008) developed for concentration inequalities. However, these conditions are not directly
applicable to analyzing quantile-based statistics, since they are not invariant to non-smooth trans-
formations of the data. In comparison, the Kolmogorov dependence condition is readily adapted to
the non-smooth structure of quantile statistics. The Kolmogorov dependence condition also resem-
bles the a-mixing conditions (Dedecker and Prieur, 2004; Kontorovich et al., 2008; Merlevede et al.,
2009, 2011) in terms of the dependence measures. The key difference is that the dependence measure
in a-mixing requires bounding the total variation distance, which makes the a-mixing conditions
difficult to verify. In comparison, the Kolmogorov dependence condition relaxes the requirement for
o-fields, and therefore can be relatively easily verified under many popular dependence conditions,
including the a-mixing conditions themselves.

The Kolmogorov dependence condition provides us a fairly general understanding of depen-
dence. It serves as a common necessary condition unifying a number of dependence conditions.
Thus, the theoretical results obtained under the Kolmogorov dependence condition shed light on
the properties of other dependence conditions as well. As an example, we established the rate
of convergence for the MAD scatter matrix estimators under the Kolmogorov dependence condi-
tion, and demonstrated that the corresponding rates under other dependence conditions can be
immediately obtained as well.
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A PROOF OF MAIN RESULTS

In this section, we present the proofs of the main theorems.

Lemma A.1l. Let {Y;};cz be a stationary univariate time series. Assume that there exists a
constant H > 0 such that P(u <Y; <wu+v) < Hv for any v € R and v > 0. Given any u € R and
€ >0, let h(x) := I(x < u) and he(z) be a smoothed version of h:

h(z), fz <u—€ or x >u-+e
1
he(x) == ﬂ{l’g — 3ux? + 3(u? — )z — u® + 3ue’+ (A.1)
€
263}, fu—e<z<u+te
Then we have

‘]P’(Yt gu,VtGSUT)—
(Vi <uvtes)B(Yp<uvieT)]
< 4H(|S| +|T))e + )COV{H he(), [T he(Yt)H

tes teT
for any finite non-empty sets S,7 C Z.

Proof. he(z) is continuous with first order derivative
d 0, ifr<u—e or x>u+te
=93 3
F{(x—u)Q—ez}, fu—e<z<u+e
€

Thus, he(z) is Lipschitz continuous with Lip(h.) = sup,, |dhe(x)/dx| = 3/(4€). By the definition of
covariance and the triangle inequality, we have

‘]P’()ftgu,VteSUT)—

IP’(Yt gu,VtES)IF’(Yt/ <uVite 7')‘

=|cov{TT rv). TT rv0) }|
teT

tesS
< |cov{TTnv). TTv0)} ~Cov{TThe(v. TT v}
teS teT teS teT
A
+ )COV{H v, ] hE(Yt)H. (A.2)
tesS teT

We now derive the upper bound for A. By the triangle inequality, we have

A <[cov{TTn00. T a0 - TLr00 )+

teS teT teT
Cov{ [T n0v) = [T het), TT ne() }| (A3)
teS teS teT
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For two random variables X and Y with |X| < 1, we have
|Cov(X,Y)| = EXY — EXEY|
<E|X||Y|+ E|X|E]Y| < 2E|Y]. (A4)
Now, setting X = [[,cgh(Y:) and Y = [, h(Y2) — [L;e7 he(Y?), we have

cor{ [T 0. T 10 - T )}
tes teT

teT
< 28[[T r(ve) - T ne0)|
teT teT

Setting X = [[,cr he(Yy) and Y = [],c5 h(Y:) — [;cs he(Y:) in (A.4), we have
Cov{ [T nv) = [T netv), TT ne(¥0) }
teS teS teT
< 28| [T (vi) = [T ne(¥h)|

teS teS

Plugging the above two inequalities into (A.3), we have

A <28|[[n(¥) - [ [he¥)|+2E| [ [ov) - T e (¥2)]

teT teT teS teS
<2(|| + | TI)E[h(Y:) - h(V2)|

The last inequality is due to the fact that

’Hat—Hbt’ SZ\at—bt| (A5)
t=1 t=1 t=1
for 0 < as, by < 1. Noting that |h(Y;) — he(Y:)] < 1 and h(Y:) — he(Y?) is non-zero only when
u—e<Y; <u+ ¢ we have
AL2(IS|+|TP(u—e<Y; <u+e)
<4H(|S|+ |T)|)e. (A.6)
Plugging (A.6) into (A.2) completes the proof. O

A.1 Proof of Theorem 2.1

Proof. Applying Lemma A.1 with V; = a' X, we have
P(Yi<uvieSUT)-
IP’(Yt <uVte S)]P’(Yt/ <uVte T)’

< 4H (S| + [T])e + |Cov { T he(vi). TT e}
teS teT

N~

B

: (A7)

where h, is defined in (A.1). Now we derive an upper bound of B. Since [|Al|2 < 1, the process
{X}tez has moving average representation X; = Y ;2 Ale;,_y. Define Xt[n] to be a finite order
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moving average process: XtM = ?;()1 Ale;_y where n = d(S,T). Define Yt["] = aTXt[n]. Using
Yt[n], we can upper bound B in (A.2) by

B<|Cov{[hev) - [T T he(vil|+

tesS teS teT

B
‘COV{HhE(Yt[n}),HhG(Yt) — Hhe(Yt[n] )H I

teS teT teT

Bo
[Cor{ TT nev™), TT hetv™h }

tes teT
B3
Note that {Yt[n] :t € 8} only depends on {e€; : min(S) —n < t < max(S)} and {Yt[n] :te T} only
depends on {e; : min(7) —n < t <max(7T)}. Since n = d(S,7T) = min(7T) — max(S), we have that
[Lies hg(YtM) and [[,cr he(Yt[n]) are independent. Thus, we have Bs = 0. Regarding B;, using
(A.4) and (A.5), we have

Bl SQE‘H he(Y;f) - H he(y;t[n})

teS tesS
<2|S|B|h(Y;) — he (V)]
<2|S[Lip(ho)E|Y; - Y")]. (A.8)

Plugging in Lip(h) = 3/(4e), Vi =a" X; = > ;2 a" Ale; 4 and Yt[n] = aTXt[n] =Y a Aley,

we obtain
3 oo
By S%‘S’E‘KZ aTAget,g‘
=n

3CIS| all2 A3
2¢(1 | All2)

3 oo
S?e|8| ;E‘GTAZQ—Z‘ <
=n

The last inequality is due to Conditions 1 and 2 on the VAR process. Applying similar arguments
to Bg, we have By < 3C|T|||a||2||All5/{2¢(1 — ||A|]2)}. Thus, we have

SC(S|+ITDlall2llA[Z

B<Bi+B5<
2¢(1 — [|Al2)

(A.9)
Plugging (A.9) into (A.7), we have
P(v,<uvtesuT)-

IP(Yt <wVt eS)IP’(Yt/ <uvte T)’

SClalalAly

< (] 1TD{ e+ ST a2
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Now setting € = HA||§/ ? and taking supremum over u € R, we have
k({Yities, {Yitier)

3C]|all
< G4H + —
{ 2(1 - [|Afl2)

Since ||A|l2 < 1, {Y; } ez is Kolmogorov dependent. This completes the proof. O

basi+ITHIAlL".

A.2 Proof of Theorem 2.4

Proof. Applying Lemma A.1 with ¥; = a' X}, again we have
‘IP(Yt §u,Vt€SUT)—
IP’(Y; <uVte S)]P’(Yt/ <uVte T)’

< 4H(IS| + |T])e + [ Cov{ [T ne(vi), T] hevi)}
teS teT

N~

B

, (A.10)

where he be defined in (A.1). It remains to derive an upper bound for B. Since {X;}icz is
(AW 4, ¢)-weakly dependent, we have

B =|cov{g({Xi 1€ 8)). (X 1€ TH

<t (Lip(g), Lip(9), S|, [T1)C{d(S, T}, (A.11)

where g(x; : t € S) := [;c5 he(a"x;). Since Lip(he) = 3/(4¢), using (A.5), we have that for any
{x¢,y::t € S}, we have

’H he(aTx;) — H he(aTYt)‘ S% Z laT (x¢ — yi)l

teS teS teS

3|
ST > llxe =yl
tes
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This implies that the function g is Lipschitz with Lip(g) < 3||a||+/(4€). Now, replacing ¢ in (A.11)
by the various specifications in Table 1, and combining the resulting inequality with (A.10), we get

]P’(Ytgu,VteSUT)—

IP’(Ytgu,VtES)IP(Yt/ gu,Vt’eT)‘

7 3 .
a1 (S| + [The + 12 71 a(s 1)

if {X}iez is O-dependent;

3lall-
(s T}

if {X}iez is n-dependent;

(IS + T { 4He +

IN

9al?

AH (IS +[T1)e + ISIITI¢{d(S, T)}

16¢€2
if {X;}tez is k-dependent;
3llalls 9all?
AH
(18] + 1TDe+ { T 181+ 1T + S

\ ]S\|T|}C{d(8,7’)} if {X}}iez is A-dependent.
Therefore, if {X,;}icz is 6- or n-dependent, setting € = \/m gives the desired result. If
{X;}iez is k- or A-dependent, setting € = ¢({d(S, T)}/? gives the desired result. O
A.3 Proof of Theorem 2.5
Proof. Applying Lemma A.1 with Y; = a' X/, we have

‘P(Yt §u,Vt€SUT)—

IP’(Y; <uVte S)]P’(Yt/ <uVte T)’

< 4B(1S] + [T+ [Cov{ [T he(vi). T] he)}

teS teT

B

: (A.12)

To derive an upper bound on B, let {€,}icz and {€]}:cz be two i.i.d. copies of {€}tez. Let
n=d(S,T). Define J(t,n) :={t—n,t —mn—1,t —n—2,...} and

Qt = ( Cey 62‘*71717 62*717 €t—nt1y--- ,(it),

He = (. € 1, € € ptly - s €t).
G and H; are coupled versions of F; with €; replaced by e;» and e;-’ if j € J(t,n). Now define the
process {X; ' }icz by

X, = ]
g(?—[t) ifteT.
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Again we upper bound B by

B<|Cov{[Thev)~ [T T hevil|+

tesS teS teT

By
[Cov{[Tre ™). TThevi) - T ™)} +

teS teT teT

Ba
[Cor{ TT nev™), TT hetv™h }

teS teT
B3

Note that by the definition of Xt[n], {Xt[n] :t € S} and {Xt[n] :t € T} are independent. Thus, we
still have B3 = 0. Using the same technique as in (A.8), we have

< — — < — « —
By < |SIE[Y - Y| < Z1SlllallE)1X, - X[

3
<5 ISlllalldp(1,t. g).

The last equality is due to the fact that {E||X; — Xt[n} [P}/P in an increasing function of p. Using
similar arguments, we can also obtain By < 3|T||a||«0,(1,t,g)/(2¢). Thus, we have

3
B< B+ By< (8] + [T all.,(1.1,9).
Plugging the above inequality into (A.12) and setting e = \/d,(/,t,g), we have
P(vi<uvtesuT)-
IP’(Yt <uVte S)IP’(Yt/ <u Vi e T)‘
3
< (48 + Sllall. ) (S| + IT1)\/0,(1, t.9).

This completes the proof. O

A.4 Proof of Theorem 3.3
Proof. Equation (3.4) implies that
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for0 <w/2<kand F € {F,,F,:a€S.}. Weallow Dy in (C.2) to depend on T Specifically, we
define

1/(a+2)
Dog = 2{4L(T, d)} , (A.13)
and correspondingly, let
2
T (A.14)

er(z) == D1+ Dy 7 T@H /@2 5 Zat3)/(a+2)

for > 0. It’s easy to check that ¢ is non-decreasing on (0, 00) by investigating the derivative of
log o7 (z). Thus, using Lemma C.2, we have, for any j € {1,...,d},

P{|FM (X0} - M (X)) > 2]
<sonf-1 (5 - 1)} - sonf-or ()]
< 6exp{—cpT<% - %) } (A.15)
when 0 < /2 < x and nz/2 > 1/T. Now, by the definitions of R,; and R;, we have
]P’(Iﬁjj - Ryl > 56)
= P[[M({ X} - M) > 4]
<[V (X)) - M)} +
2| () {FM (X }) - M) | > 2]
< {1 — MO0 >[5 )+
p{‘aM({th}thl) - JM(Xj)) > %ML(X)} (A.16)

J
Applying (A.15), we have

P(lﬁja’ - Ry > 1‘)
coonl (35 D)

e [-er{gatiy ~ 7]
-

el ~er(gh 1)} (A7)
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Next, we derive the concentration inequality about f{jk for 7 # k. Again, using Lemma C.2, we
have, for j # k,

P{|pM (X + Xu}) — o™X + Xp)| > 2}

< 6exp{—g0T<% — %) }, (A.18)
P{[M (X = X)) - o™X, - X3)| > o
< Gexp{—ng<% — %) } (A.19)

By the definitions of f{jk and R, we have
P(lﬁjk — Ryl > ﬂf)
= ([ (1xi+ th}thl)Q = oM+ X0+
[EM ({th - th}tT:1>2 —oM(X; — Xk)z} > 4:c)
<P{ |5 (1 X} ) oM (X4 02| > 2+
P

p{[5" ({th_th}lef—aM(Xj—Xk)?} >0} (A.20)

P

Using the same technique as in (A.16), we have

Py <P {7 ({Xy; + X}y ) — oM (X + X’“)}2+

2’0’M(Xj + Xk){ﬁM ({th + th}tT:1> -
M(X; + Xk)}’ > 233}
SP{ ‘5M <{th +th:}tT:1) —aM(X; +Xk:)‘ > \/5}+

PH&M ({th + th}thl) —oM(X; + Xk)‘ >

20M(X; +Xk)}’ (A-21)
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and similarly

Py <P[{EM (X0 - Xuby) - oM(X; - Xk)}2+
2’aM(Xj . Xk){&M ({th . th}tT:l) -
M(X; — Xk)}‘ > 2:1;}
<P{ oM (X0~ Xu by ) — o™= Xi)| > Va b+
PH&M (12— Xu} ) —UM(Xj—Xk)’

x
> ————. A .22
20‘M(Xj—Xk):| ( )
Applying (A.18) and (A.19) to the above two inequalities and noting that o™ (X; + X;) < oM |
oM(X; — X},) < oM., we obtain

nvr 1 ne 1
Prstesp{-er(1y - g) e {er(oe - 7))
1 S6expy =~ — 7 ) pHOexp\—pr( i~

max

nr 1 nx 1
P SGeXp{_SOT( 2 _T)}+6eXp{_‘pT<4aM _T)}'

max
Plugging the above two inequalities into (A.20), we have

P(\f{jk —Rj| > x)

<12 exp{—w@\f - ;)} +12 exp{_w(sjpzax B %>}
< 24max{exp{—<,0T(M— 1)},

2 T
ewl-er(gi i} (23
Combining (A.17) and (A.23), we have
P(|R-r],.>)
< 24max{exp{210g d—goT(g\/g—;> },
exp{?logd—gpip<8;ﬁ —%)}} (A.24)

max

Next, we simplify the above concentration bound using the special structure of function ¢r. Let

bi(z) == exp{QIOgd— ¢T<g\/§— ;)},

ba(x) = exp{QIOgd - QDT(&T% — %) }

max
We discuss the form of the concentration bound in two scenarios:
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(i) If by(z) > ba(x), we focus on by (x). We remind that by the definition of function 7, we have
(2,/% - 1) _
TaVe 1)
T 1 2
T(3V3 - T)

D1+ Dy pT(@+1)/(a+2) (g JE-L

where D; and Dy p are defined in (C.3) and (A.13). To simplify the denominator on the
right-hand side of the above equation, we require that

2a+3)/(a+2)
Dy > Dy pT(e )/ (a12) (727\/5 - %)( & . (A.25)

Then we have or{nyz/(2v2) — 1/T} > T{ny/z/(2v2) — 1/T}?/(2D;). By the definition of
b1 (), we have

IS

) (2a43)/(a+2)’

bi(z) < exp{QIOgd— ZTDl(Z g - %)2}

2
Setting exp {2 logd — T{n\/i/(Z\/i) - 1/T} /(2D1)} = o? for some a € (0,1), we obtain
8 4D:(logd — logar) 142
. 7,2{\/ T + T}
z1(T,d). (A.26)

Under (A.26), for d > 1/a, we have n/z/(2v/2) — 1/T < \/8D;1logd/T. Thus, (A.25) holds

if we require

Dl Z DQVTT(CH_D/((H_Q) (8D1 log d/T) (a+3/2)/(a+2).

Plugging the definitions of Dy and D ¢ into the above inequality, it follows that (A.25) holds
when we have

LT
T,d) < . A27
L( ’ )— \/27a+11(10gd)2a+3 ( )

(ii) If b1 (z) < ba(z), we follow a similar argument as in (i) and require that
17:17 1 )(2a+3)/(a+2)

8aM T

This leads to @r{nz/(8cM..) — 1/T} > T{nz/(8cM..) — 1/T}?/(2D1). By the definition of
ba(z), we have

Dy > Dy T+ <“+2>( (A.28)

ba(z) < exp{Zlogd - ZTDl(&Zﬁ — %)2}

max
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8oM \/4D1 (logd —logar) 1
v n { T * T}
= x2(T,d). (A.29)
Under (A.29), we have nz/(80)..) — 1/T < \/8D1logd/T if d > 1/a. Thus, (A.28) holds if

we again require

2
Setting exp {2 logd — T{nx/(SaM ) — 1/T} /(2D1)} = a?, we obtain

Dy > Do T tD/(+2) (8D, log d/T)(@+3/2)/(a+2)
Now, using the definitions of Dy and Dy 1, we obtain that (A.28) is also guaranteed by (A.27).
Now we summarize the discussion above and derive the final rate of convergence. In (A.24), we
set x = max{acl(T, d), zo(T, d)} and require that (A.27) holds. When x1(T,d) > x2(T, d), we have

xr = x1(T,d). Thus, together with (A.27), we have bi(x) < o?. Since by(z) is non-increasing in
x, we have bo{z1(T,d)} < bo{z2(T,d)} < a?. The last inequality is ensured by (A.27). Thus, we
obtain

IP’<||ﬁ — Rlpnax > x) < 24max{b1(z),b2(x)}
< 2402 (A.30)

On the other hand, when z1 (7, d) < z2(7, d), we have x = z5(T, d). Thus, together with (A.27),
we have by(z) < a?. Since by(x) is non-increasing in , we have by {z2(T,d)} < bi{x1(T,d)} < o?,
where the last inequality is ensured by (A.27). Thus, again, we can obtain (A.30). So, in either
case, we have

IP’(Hﬁ — R|max > max{xl(T, d), zo(T, d)}> < 2402,

when T" and d are large enough. This completes the proof of (3.5). O

A.5 Proof of Theorem 2

Proof. Using Theorem 3.3, to derive the rate of convergence for f{, we only need to verify Condition
3.1 for the VAR time series {X;}/_,. Theorem 2.1 shows that {X;};cz is (Se, ¥, p)-Kolmogorov

dependent with ¥(u,v) = u+ v and p(n) = {4H + 3C/(1 — HAHQ)}HA”;L/Q To verify (3.2), note
that for any k > 0, we have

S+ DHALY? <Y (1) (n+ k) A
n=0 n=0

k!
e=VIAl: (1 — /AR

k
- (=)

Thus, (3.2) holds with

3C 1
L1 == <4H+ ) )
L= A2/ 1—/]A]2
1
L=———— anda=1.

1— VAl
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Plugging the above parameters into (3.5) leads to the desired result. O

A.6 Proof of Theorem 3

Proof. Using Theorem 3.3, to derive the rate of convergence for f{, we only need to verify Condition

3.1 for the a-mixing time series { X;}._;. Theorem 2.3 shows that { X, }icz is (Se, ¥, p)-Kolmogorov

dependent with p(n) = C} exp(—Can”) and any of the ¥ functions required by Theorem 3.3.
When r > 1, for any k£ < 0, we have

o0

Z(n + 1)F exp(—Chn") Z n + 1)k exp(—Can)
n=0 n=0

<Zn—|—1 -(n+ k) exp(—Can)

> (=)
Cdok\1 -2
Thus, (3.2) holds with L1 = C1/(1—¢~¢2), L = 1/(1—c¢~¢2), and a = 1. Plugging these parameters

into (3.5) leads to (3.7).
When 0 < r <1 and k =0, we have

k!
rme=C2 (1 — e C2)ktl’

S+ 1Foln) = €1 3 exp(~Can)
n=0 n—=0
< Cl{l—i-/oooexp(—(?gur)du} Cl{l—i— C’l/ F(l)},

where I'(z) = [;° u* ‘e “du is the Gamma function. By Lemma C.3, we can upper bound I'(1/r)
by

() < L) v )

er

i(nﬂ)kp(n)S&{Hﬁ(eéﬂ)w}. (A.31)

n=0
Now we consider 0 < 7 < 1 and k& > 1. Denote f(u) := (u + 1)¥exp(—Cau") and g(u) :=
(u 4 2)F exp(—Chu”). For any n € Z*, we have f(n 4+ 1) < g(u) for all u € [n,n + 1], and thus,
fin+1) < f"ﬂ (u)du. Therefore, we have

Thus, we have

i(n + 1)*p(n) = 01{1 + 2ke=C2 4 i f(n+ 1)}
n=0 n=1
< C’l{l + 2ke=C2 4 /100 g(u)du} (A.32)
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Next we derive an upper bound for floo g(u)du. We have

/ g(u)du§3k/ uP exp(—Cou”)du
1 0

k
- rC;“)/’" (k : 1)'

(A.33)

r

Using Lemma C.3, we can upper bound I'{(k + 1)/r} by
E+1 (k:+1)/r—1/2 (k+1)/r—1/2
<
r(=-) < ver{ y

S\/g<l<:+1) (k+1)/r— 1/2
_W(

>(k+1 — 1/2<ki1>1/(2r)+1/2[(k—;—l)k+3/2]1/T

. f( )(k+l/r 1/2<2>1/(2r}k1/2Kk+3/2)k+3/2}1/7". (A.34)

e
Using Lemma C.3 again, we can upper bound the last term in the product by

T i/r FEINL/T
Kk; +63/2>k+3/2} i {(k\;;%)'}l/ ’ (f/%‘)l/. (A.35)

Putting together (A.32), (A.34), and (A.35), we obtain

[t ) () Y

Plugging the above equation into (A.32), we obtain

[e.9]

> (n+1)Fp(n)

n=0

<142k CQ+\/E(Qézr)w{:s(é)l/r}k(k!)l/r]
cofio by )

where the last equation uses 1 + 2Fe=2 < 3F for k > 1. Now, combining the above equation with
(A.31), we obtain Yo% (n + 1)*p(n) < L1 L*(k!)* with

ot (2"

L = max {3 3(022T)1/T}, and a = %

Plugging these parameters into (3.5) leads to (3.8). This completes the proof. O
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B CONCENTRATION INEQUALITIES UNDER WEAK DE-
PENDENCE

In this section, we develop a concentration inequality for sums of weakly dependent random vari-
ables. We first reformulate Theorem 1 in Doukhan and Neumann (2007).

Lemma B.1. Suppose {Xt}thl is a sequence of random variables with mean 0, defined on a
common probability space (€2, A,P). Let ¥ : ZT x ZT — R be one of the following functions:

(a) U(u,v) = 2uv;
(b) ¥(u,v) = B(u+v)+ (1—pB)uw, for some S € [0,1].

Assume that there exist constants M, L1, Ls > 0, a,b > 0, and a non-increasing sequence of real
coefficients {p(n)}n>0 such that for any u-tuple (s1,...,s,) and v-tuple (¢1,...,t,) with 1 < s; <
e gy <ty <o <ty <T, we have

’Cov(ﬁ X, H Xt].> ]
i=1 j=1

< M (u+ v)!}b\I/(u, v)p(t1 — su), (B.1)

where the sequence {p(n)},>0 satisfies
o
Z(n+ DEp(n) <Ly LE(K)®, for any k € Z7T. (B.2)
n=0

Moreover, we require that the following moment condition holds:

E| X4 |* < (k) MP¥ for any t=1,...,T,keZ". (B.3)

Then, for St := ZtT:1 X and any x > 0, we have

2

T
P(Sr > z) < exp{—ClT { Coa(20+26+3)/(atb+2) }’

where C1 and (5 are constants given by

C1 = 294N L) and Cy = 2(2M Lo) Y/ (042,
Proof. The proof follows that of Theorem 1 in Doukhan and Neumann (2007) with minor mod-
ifications, as listed below. We inherit the notations in Doukhan and Neumann (2007), and set

K=1.
Equation (30) in Doukhan and Neumann (2007) can be strengthened to

E[Y;| < 25797 (k= + DY MFp(tin — t).
This leads to
E(Xe, - Xo)| < 25 (k)R MFp(te 1 — 1), (B.4)

27



which corresponds to Lemma 13 in Doukhan and Neumann (2007). Using (B.4), we obtain that
)F(th, LX)

<Z ZN ILi,...,I, 2k ”(k')kamlnp(tt+1—tt)
v= 1U —1 Ip=1

<2PIME RN (K — 1!} min p(t1 — t).
1<t<k

Thus, we have 1
(rk(sT)\ <n2F MR RPES (54 1) 20(s). (B.5)

Equation (B.5) corresponds to Lemma 14 in Doukhan and Neumann (2007). The rest follows the
same technique as in Doukhan and Neumann (2007). O

Equations (B.1) and (B.2) characterize the dependence structure of the sequence {X;}_;. In
detail, the covariance between the past, {Xy}iL,, and the future, {X¢}7_;,
the gap in time between them increases to infinity. (B.2) specifies the speed of the convergence.

converges to 0 as

Equation (B.3) is a moment condition. In the next lemma, we further show that these conditions
are location and scale invariant.

Lemma B.2. Let {X;}]_; be a sequence of random variables satisfying (B.1)-(B.3). Let {u:}1;
and {7}, be uniformly bounded real sequences in the sense that |y;| < g and 0 < ; < « for

t=1,...,T, where u and v are constants. Let {Y;}7_; be a location-scale transformed sequence
defined as

Y= y(Xe + ), t=1...,T.
Then (B.1)-(B.3) are satisfied by {Y;}1_; with M replaced by v(M + p).

Proof. Equation (B.3) can be easily verified for {V;}1 ;:
k k . 4
BN = E|pu(X + )| < 2% Y BIXG g
=0

< () {as )}

The last inequality follows from (B.3). Next, we verify that {Y;}1; also satisfy (B.1) and (B.2).
Let S:={s1,...,8u}, T :={t1,...,ty}, and R := SU T. By the definition of {Y;}_;, we have

E]]Yi=]]wE [ +u)

teR teR  jER

=1l > Il wEllX

teR  UCR jeR\U ke

=101 > II weE I x (B.6)

teER  UCSVCT jER\(UUV) keUuy
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Applying the same technique to E]],.sY; and E HjeTYj’ we obtain

syl

teS JET

T30 T el (3 TT mEl] %)

teR UCS jeS\U kel VCT jeT\V key
=1[» > T wEI]XE]] X (B.7)
teR  UCS,VCTHER\UUY) kel eV
By the definition of covariance, we have
(Cov l[IRAIRG ‘ _‘EHYt E[[vE]] Yk‘
teS teT JjeES keT
Plugging (B.6) and (B.7) into the above equation, we have

cov(IT e ] %]

tesS teT

:‘H%{ Z H Hj

teR  UCS,VCT jER\(UUY)

(E [T x—EJ]XE]] Xm>}‘

keluy el mey

SH%{ Z H Hj

teR  UCS,VCT jeR\(UUY)

(E [T x-E[]xE]] Xm‘}

keuuy el mey
=TI{ > I wloov(Ixe]Ix0|}- (B.3)
teR  UCSVCTeR\(UVY) keu ey

Now, (B.1) for {X;}_, implies that

‘COV(H Xt,HXt)‘

tel tey

< K2 )+ i} e D {dw. )

< KQMWIWI{(U n U)!}b\ll(u, V)p(ts — sa), (B.9)
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where the last inequality is due tod € S and V C T. Plugging (B.9) into (B.8), we have

cov(IT i [T v

teS teT

< H %{ { (u+v)! }b‘lf(u,v)p(tl—su)
teR
S oM T Hj}

UCSVCT FER\UULY)

= H %I(z{(u + v)!}b\I’(u, v)p(t1 — su)

teR

(2 ™ I w).

WCR JER\W

Noting that » yycr MW [Tjer\w 1 = Ijer(M + 1), we further obtain

cov(IT e ] %]

tes teT
b
KQH%H M +p15) {(u+v)!} U (u, v)p(t1—8y)
teR  jJER

<[54} o)t} W v)p(n 5.,

Thus, (B.1) and (B.2) are satisfied by {Y;}~_; with M replaced by (M + u). This completes the
proof. O

Using Lemma B.2, we can remove the zero-mean requirement for {Xt}le in Lemma B.1. The
next theorem summarizes Lemmas B.1 and B.2.

Theorem B.3. Let {X;}]_, be a sequence of random variables satisfying (B.1)-(B.3). Suppose
EX; = p and |p¢| < p for t = 1,...,T, where p > 0 is a constant. Let Sy := ZtT:1(Xt — pt).
Then, for any x > 0, we have

]P(ST Z ZL‘)

2

X
< exp{—DlT T Dy (2at26+3)/(a+b+2) } (B.10)

Here Dy and D5 are constants defined by

Dy = 29 4 )2,

Do = 2{2(M + 1)L}V (a+b+2)
where a,b, M, L1, Ly are constants defined in (B.1)-(B.3).

C SUPPORTING LEMMAS

Lemmas C.1 and C.2 are used in the proof of Theorem 3.3. They provide tail probabilities for
related quantile-based statistics. Lemma C.3 is a Stirling-type bound on the Gamma function, and
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is used in the proof of Theorem 3.

Lemma C.1. Let {X;}icz be a (¥, p)-Kolmogorov dependent time series, and {X;}7_; be a se-

quence of observations. Assume that the sequence {p(n)}n>0 satisfies
o
> (n+1)Fp(n) < LiL5(k)*, V k>0,
n=0

for some constants Lj, Ly > 0 and a > 0. Then, for any z > 0 and ¢q € (0,1), we have
P(1Q({Xi};q) — Q(X159)| > x)

< eXP(—SO[F{F_l(Q) +f’f} Ta- %DJF

eXp(—so [q - F{F_l(Q) - :UH )
whenever we have F{F~!(q) + 2} > ¢+ 1/T. Here the function ¢ is defined as
Tx?
plz) = D 1)/(a+2) - (2a+3)/(a+2)’
1 + DyT(at+1)/(a+2) 4:(2a+3)/(a+2)
where D1 and D are constants given by
Dy = 2101,
Dy = 2(4Ly)Y(@+2),

for x>0,

(C.1)

Proof. Let Fr be the empirical distribution function of the sample {X;}/; and denote F.'(q) =

@({Xt L .;q). By the definition of @(, -) in (3.1), we have, for any € € [0, 1],
1
e < Pr{F;'(e)} <e+ 7
By definition, we have

P{@({Xt}; 7)—Q(X;q) Zw} :IP{FT—l(q) —FY(q) 23;}
< P[Fr{F;\(a)} > Fr{F~\(q) + 2},
where the last inequality is because Fr is non-decreasing. By (C.5), we have
P{@({Xt}tT:ﬁ q) —Q(X;q) = :v}
<Blg+ 7> Frie+ Fg)}].
By the definition of Fp, we further have
P{@({Xt}le; q) — Q(X;q) = x}

T
< P[ZI{Xt <FYq)+2}<Tq+ 1}
T
P(Z [—I{XtgF‘l(q)+m}+F{F_1(q)+x}]
t=1

ZT[F{F_l(qH—x}—q—%D.
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Since {X;}ez is (U, p)-Kolmogorov dependent, we have

Cov [HI{Xt SF_l(q)—l—x}, HI{Xt SF_l(q)—l—xH

tes teT
< (8L, ITp{d(s. )},
for any S, 7 C {1,...,T} with max(S) < min(7). Thus, by Theorem B.3, we have
P{QUX} 1) — Q(Xiq) > 2}
_ 1
< exp(— | F{F (@) + 2} —q— 7).
where function ¢ is defined in (C.2). On the other hand, we have
P{@Hxnfl,> Q(X;q)<—a}
= IP{ (q)<— a;}
SPP%{Er(Q}SI%{F_Wwfwﬂ-

Using (C.5) again, we have

_ ]P’(ZT: [I{Xt < FY(q) — 2} — F{F~(q) - m}}

t=1
>T|q— F{F(q) -2} ).
Thus, by Theorem B.3, we have
{ {XeHii50) — Q(X;q) < —33}
<e

xp(— [q—F{F ') - 2}]),

where function ¢ is defined in (C.2). Combining (C.6) and (C.7) completes the proof.

Lemma C.2. Under the assumptions in Lemma C.1, we have, for any = > 0,
P(|M{XH) - oM(X)| > «)
< 2exp(—¢|[F{F )+ *} —a- )+
zexp(~ela = F{F@ - 3}])+
exp(—¢[P{F (o) + *} —a— 7))+
exp(—¢la = P{F (o) - 3}))

(C.7)

whenever F{F~(q) +z/2} —q > 1/T and F{F~'(q)+x/2} —q > 1/T. Here ¢ is defined in (C.2).
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Proof. We denote m := @({Xt}thl;q) and m = Q(X;q) to be the sample and population ¢
quantiles. By the definition of o™ (-), we have

P{a" (X)) - oM(X) > o
=r{Q({ixe-al},_sa) - QX - mka) > o}
<plo({1xi—ml}_sq)+m—ml-Q(1X—mliq) >}
p{a({i% -}, s0)~a(ix—mie) > S+

P(\m—m\ > g) (C.8)

On the other hand, using the same technique, we have

{AM({Xt}t 1) M(X)<—x}
= ({1 —ml},_sa) ~Q(1x —mkq) < )
< B{Q({ix.- r};) 1 m| QX — mlg)<)
SP{@({\Xt—ml};;q)—Q(\X—ml;q><—§}+
p(\m —m| > g) (C.9)
Combining (C.8) and (C.9), we have
P{I5" ({X} L) - oM(0)] > o}
< p{e({pximi}_ o) -@(1x—miza) [>T} +

2]P’<lffl—m]>§). (C.10)

IN

Using Lemma C.1, we have
pla({ix—m} o
< exp (—«p [F{F_I(Q) +
eXp(—so [q - F{F_l(q
(i)
<ep(~o[F{r @+ 3] ~o- )+
(g
q

q
=) e

)} i

whenever F{F~1(q) +x/2} —q > 1/T and F{F~'(q)+x/2} —q > 1/T. Combining (C.10), (C.11),
and (C.12) leads to the desired result. O
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Lemma C.3 (Batir (2008)). For any = > 0, the following inequalities hold:

\/%(934—81/2)“1/2 < I(rt1)< m(x+1/2)w+1/27

e

where I'(z) = [;~ u*~ e "du is the Gamma function.
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