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Abstract

Recently, large quantities of data is produced every day, such as web pages, sensor data, social
media data, digital pictures and videos, purchase transaction records, and so on. Development
of techniques for data analysis is very important because the large data may hold key to solving
problems in our daily life. The difficulty in dealing with the rapidly growing data is not only
because they are vast, but also because they are often “unstructured” and “non-uniform”. Tra-
ditional database technologies are based on the theory of relational algebra proposed by Codd
in 1970 [16], and are able to handle structured data (relations) that can be represented as tables,
but have difficulty in handling unstructured data. This new type of data can be regarded as se-
quences of symbols (i.e., strings), and therefore efficient string processing techniques can play
key role in processing them. Developing efficient string processing algorithms requires to have
not only rich knowledge of algorithms and data structures, but also deep insights on algebraic
and combinatorial properties on strings.

In this thesis, we focus on combinatorial properties concerning Lyndon words, discover
combinatorial properties, and develop algorithms on Lyndon words. A string A is said to be
a Lyndon word if X is lexicographically smaller than every proper suffix of A. Since Lyndon
words are used for detecting structures in strings (e.g., repetitive structures), studies concerning
Lyndon words could lead to making efficient string processing algorithms. Lyndon factoriza-
tions (sequence of Lyndon words in lexicographically non-increasing order) are also studied.
We consider the following four problems concerning Lyndon words. Firstly, we consider the
reverse-engineering problems on Lyndon factorizations. When we are given a form of the Lyn-
don factorization of some string, we compute a string which have the input as the Lyndon fac-
torization. Solving the reverse-engineering problem gives combinatorial properties and deeper
insights in to the input structure. We propose some variant of the reverse-engineering problems
and present efficient algorithms. Secondly, we present efficient algorithms to compute the Lyn-

don factorization of “compressed string”. Thirdly, we study relations on the size of Lyndon



factorizations and Lempel-Ziv 77 factorizations. We give the first direct connection of these
two factorizations. Finally, we consider relations between Lyndon words and runs. Runs are
important repetitive structures in strings. We show a new upper bound on the maximum number

of runs in a string. We also present a new algorithm to compute all runs in a string.
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Chapter 1

Introduction

Recently, large quantities of data is produced every day, such as web pages, sensor data, social
media data, digital pictures and videos, purchase transaction records, and so on. Development
of techniques for data analysis is very important because the large data may hold key to solving
problems in our daily life. The difficulty in dealing with the rapidly growing data is not only
because they are vast, but also because they are often “unstructured” and “non-uniform”. Tra-
ditional database technologies are based on the theory of relational algebra proposed by Codd
in 1970 [16], and are able to handle structured data (relations) that can be represented as tables,
but have difficulty in handling unstructured data. This new type of data can be regarded as se-
quences of symbols (i.e., strings), and therefore efficient string processing techniques can play
key role in processing them. Developing efficient string processing algorithms requires to have
not only rich knowledge of algorithms and data structures, but also deep insights on algebraic
and combinatorial properties on strings.

Let us take an example of string pattern matching problem, which is one of the most impor-
tant problems in Computer Science, where given a pattern string and a text string, the objective
is to find the occurrences of the pattern in the text. For this problem, the Knuth-Morris-Pratt
algorithm [64] is known as the first linear time algorithm. This algorithm is based on the Pe-
riodicity Lemma [35] which is one of well-known combinatorial properties of periodicity on
strings. On the other hand, the Crochemore-Perrin algorithm [25] works in linear time and
constant space for the same problem. The correctness is guaranteed by Critical Factorization
Theorem [72] which is one of combinatorial properties. From these facts, discovering new
combinatorial properties on strings leads to efficient and simple string processing algorithms.

In this thesis, we focus on combinatorial properties concerning Lyndon words [73]. We

study some problems concerning Lyndon words. Firstly, we tackle the reverse-engineering
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problems. Secondly, we consider the problem of computing the Lyndon factorizations [14] over
compressed strings. Thirdly, we study relations on the size of Lyndon factorizations and LZ77

factorizations. Finally, we consider relations between Lyndon words and runs.

1.1 Lyndon Words and Lyndon Factorizations

A string A is said to be a Lyndon word, if X is lexicographically smaller than all of proper
suffixes of A\. For example, aab is a Lyndon word, but aba and baa are not. Lyndon words are
named after Roger Lyndon, a mathematician who introduced them in [73] under the name of
standard lexicographic sequences.

Lyndon words have various and important applications in algebra and combinatorics. For
example, Lyndon words have an application to the description of free Lie algebras in construct-
ing bases. This fact is considered as original motivation for introducing Lyndon words. Lyndon
words also have many applications to musicology [12], bioinformatics [27], approximation al-
gorithm [79], string matching [25], and word combinatorics [39, 66, 80].

The Lyndon factorization of a non-empty string 7' € X7, is the factorization AT', ..., \¢™ of
T, such that each \; € X" is a Lyndon word, ¢; > 1, and \; = \; ;1 forall 1 < i < m. We call
each element in the sequence a factor. If each factor in a factorization of 7" is a Lyndon word
and all factors are arranged in the lexicographically non-increasing order, the factorization is
called the Lyndon factorization of T. Lyndon factorizations are introduced by Chen, Fox and
Lyndon in [14]. It is known that the Lyndon factorization is unique for each string. Lyndon
factorizations are used in a bijective variant of Burrows-Wheeler transform [47, 70] and a digital
geometry algorithm [9].

Several efficient algorithms to compute Lyndon factorizations exist: Duval [30] proposed
an elegant on-line algorithm to compute the Lyndon factorization of a given string 7" of length
N in O(N) time. Efficient parallel algorithms to compute the Lyndon factorization of a given
string are also known [1, 26]. Recently, algorithms to compute the Lyndon factorization of a

given compressed string were proposed [60, 61].

1.2 Our Problems

In this section, we state problems we consider in this thesis and explain motivation and related

works of the problems.
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1.2.1 Reverse-engineering problems on Lyndon factorizations

Reverse-engineering problems on structures of strings have been studied. Solving reverse-
engineering problems on structures of strings provides us with further insight concerning com-
binatorial properties on strings, and string data structures. There exists a linear-time algorithm
that finds a string over an unbounded alphabet, such that the border array of the string co-
incides with a given integer array [37]. There also exists a simpler linear-time to the same
problem for a bounded alphabet [32]. For the parameterized version of border arrays, linear-
time and O(N'®)-time inferring algorithms on a binary alphabet and an unbounded alphabet,
respectively, exist [58]. Linear-time inferring algorithms for suffix arrays [3, 34], KMP failure
tables [33, 46], prefix tables [15], cover arrays [23], palindromic structures [56], suffix trees
on binary alphabets [57], directed acyclic word graphs [3] and directed acyclic subsequence
graphs [3] have been proposed. On the other hand, some hardness results are also known. The
reverse-engineering problem on longest previous factor tables is NP-hard [51]. Also, infer-
ring a string from runs is NP-hard, on a finite alphabet of size at least 4 [76]. Counting and
enumerating versions of some of the above-mentioned problems have also been studied in the
literature [58, 78, 84].

We consider reverse-engineering problems on Lyndon factorizations. Since the Lyndon
factorization of a string can be represented by the sequence (|A\1],€1),. .., (|Am|, €m) of two
positive integers, we consider a sequence of pairs of positive integers as an input of our problem.
For example, most basic problem is to compute a string which has an input sequence as its

Lyndon factorization. We solve four variants of the problem in Chapter 3.

1.2.2 Lyndon factorization algorithms for compressed strings

Compressed string processing (CSP) is a task of processing compressed string data without
explicit decompression. As any method that first decompresses the data requires time and space
dependent on the decompressed size of the data, CSP without explicit decompression has been
gaining importance due to the ever increasing amount of data produced and stored. A number
of efficient CSP algorithms have been proposed (e.g., see [42, 43, 44, 50, 52, 91)).

Many of problems on CSPs considered a straight-line program (SLP) as an input com-
pressed string. An SLP is a context free grammar in the Chomsky normal form that derives
a single string. Since SLPs can widely accept various text compression schemes, CSPs for an

SLP are widely studied. On the other hand, CSPs for specific representations of strings (e.g.,
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LZ78 [93], run-length encoded strings) are also well studied.
In this thesis, we consider Lyndon factorization algorithms for compressed strings. In Chap-
ter 4 and 5, we present Lyndon factorization algorithms for SLPs. In Chapter 5, we also present

a Lyndon factorization algorithm for an LZ78 compressed string.

1.2.3 Relations between Lyndon factorizations and L.Z77 factorizations

The Lempel-Ziv factorizations (shortly LZ factorizations) are factorizations defined by using
information of previous occurrences of factors. The LZ factorizations have its origins in data

compression, and are still used in popular file compressors '

and as part of larger software
systems (see, e.g., [10, 54] and references therein). Originally, Ziv and Lempel were introduced
LZ77 factorization [92] and LZ78 factorization [93] (shortly LZ77 and LZ78, respectively).
LZ factorizations are well used for detecting structures in strings and making efficient string
processing algorithms. For example, LZ77 gives a lower bound of the smallest grammar [11],
and is used in algorithms to compute all runs in strings (described in section 1.2.4).

On the other hand, Lyndon factorizations also give a lower bound of the smallest gram-
mar [61] (see also Chapter 5). Our overarching motivation is to obtain a deeper understanding
of how these two fundamental factorizations — L.Z77 and Lyndon — relate. Toward this aim,

we ask: by how much can the number of Lempel-Ziv factors and the number of Lyndon factors

for the same string differ? We give relations of these factorizations in Chapter 6.

1.2.4 Detecting runs by using Lyndon words

Repetitions in strings are one of the most basic and well studied characteristics of strings, with
various theoretical and practical applications (see [19, 87, 88] for surveys). A maximal repeti-
tion, or a run, is a maximal periodic sub-interval of a string, that is at least as long as twice its
smallest period. For example, for a string T'[1..11] = aababaababb, [1..2] = a2, [6..7] = a2,
and [10..11] = b? are runs with period 1, [2..6] = (ab)®? and [7..10] = (ab)? are runs with
period 2, [4..9] = (aba)? is a run with period 3, and [1..10] = (aabab)? is a run with period 5.
Runs essentially capture all consecutive repeats of a substring in a string.

The most remarkable property of runs, first proved by Kolpakov and Kucherov [68], is
that the maximum number of runs p(/NV) in a string of length [V, is in fact linear in N. Al-

though their proof did not give a specific constant factor, it was conjectured that p(/N) < N.

'For example gzip, p7zip, 1z4, and snappy all have the LZ factorization at their core.
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In order to further understand the combinatorial structure of runs in strings, this “runs con-
jecture” has, since then, become the focus of many investigations. The first explicit constant
was given by Rytter [83], where he showed p(N) < 5N. This was subsequently improved to
p(N) < 3.48N by Puglisi et al. [81] with a more detailed analysis using the same approach.
Crochemore and Ilie [18] further reduced the bound to p(N) < 1.6/N, and showed how better
bounds could be obtained by computer verification. Based on this approach, Giraud proved
p(N) < 1.52N [48] and later p(N) < 1.29N [49], but only for binary strings. The best known
upper bound is p(N) < 1.029N obtained by intense computer verification (almost 3 CPU
years) [20], based on [18]. On the other hand, a lower bound of p(N) > 0.927N was shown
by Franek et al. [38]. Although this bound was first conjectured to be optimal, the bound was
later improved by Matsubara et al. [77] to p(IN) > 0.944565N. The best known lower bound is
p(N) > 0.944575712N by Simpson [86]. While the conjecture was very close to being proved,
all of the previous linear upper bound proofs are based on heavy application of the periodicity
lemma by Fine and Wilf [35], and are known to be very technical, which seems to indicate that
we still do not yet have a good understanding of how runs can be contained in strings. For
example, the proof for p(N) < 1.6N by Crochemore and Ilie [18] required consideration of at
least 61 cases (Table 2 of [18]) in order to bound the number of runs with period at most 9 by
N.

Algorithms to compute all runs in the string are also well-studied. The first linear-time
algorithm for computing all runs, proposed by Kolpakov and Kucherov [68], relies on the com-
putation of the LZ77 factorization [92] of the string. All other existing linear-time algorithms
basically follow their algorithm, but focus on more efficient computation of the parsing, which

is the bottleneck [13, 17].

1.3 Our Contributions

1.3.1 Reverse-engineering problems on Lyndon factorizations

We solve four variants of reverse-engineering problems on Lyndon factorizations. Firstly, we
present a simple O(N)-time algorithm to compute a string 7" of length N such that a given
sequence of pairs of positive integers corresponds to the Lyndon factorization of 7". Secondly,
we propose an O(N)-time algorithm to compute a string 7" such that an input is the Lyndon

factorization of 7' and the existing character in 7" is the smallest possible. This algorithm
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has a generating algorithm to compute the lexicographically next smaller Lyndon word of a
given length as a subroutine. Some generating algorithm to compute the lexicographically next
smaller or larger Lyndon word of the same length exist. Since our generating algorithm can
generate the next Lyndon word of “any length”, our algorithm is somewhat general algorithm.
We also present an algorithm to solve the same problem in compact representation. Thirdly,
we show an O(m)-time algorithm to compute only the smallest size of alphabet where m is the
size of the input (i.e., the size of the Lyndon factorization). Finally, we consider an enumerating
problem, we propose a compact representation of all valid strings and an efficient algorithm to

compute the representation.

1.3.2 Lyndon factorization algorithms for compressed strings

We propose Lyndon factorization algorithms for compressed strings. For an uncompressed
string of length IV, an elegant O (N )-time algorithm to compute the Lyndon factorization is well-
known [30]. We consider an SLP and an LZ78 compressed strings as inputs. In Chapter 4, we
present an efficient Lyndon factorization algorithm for an SLP. This algorithm compute Lyndon
factors from right to left by computing the smallest suffix of a string. The rightmost decomposed
Lyndon factor of a string 7' is the lexicographically smallest suffix of 7". In Chapter 5, we present
a faster Lyndon factorization algorithm for an SLP. The algorithm is based on key lemmas in
parallel algorithms for Lyndon factorizations [1, 26], but unfortunately their proof (and the
algorithm therein) appears to be incorrect. We give a corrected proof and algorithm. As yet
another byproduct, we show that the size m of the Lyndon factorization of string 7" is bounded
by the size n of any SLP representing 7', i.e. m < n, which may be of independent interest.
In Chapter 5, we also propose an efficient algorithm for an LZ78 factorization. All of our

algorithms are faster than an O(V)-time algorithm if the input string is highly compressed.

1.3.3 Relations between Lyndon factorizations and L.Z77 factorizations

We study relations between Lyndon factorizations and non-overlapping L.Z77 factorizations.
For most strings, the number of Lyndon factors is much smaller. Indeed, any string has a
rotation with a Lyndon factorization of size one. However, we showed that there are strings
with ¢ + ©(+/t) Lyndon factors, where # is the number of LZ77 factors. Our main result is to
show that number of Lyndon factors cannot be more than 2¢. This result improves significantly

a previous, indirect bound given in Chapter 5 that the number of Lyndon factors cannot be more
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than the size of the smallest SLP. Since the smallest SLP is at most a logarithmic factor bigger
than the LZ77 factorization [11, 82], this established an indirect, logarithmic factor bound,

which we improve to a constant factor two.

1.3.4 Detecting runs by using Lyndon words

We give new insights into the runs conjecture, significantly improving our understanding of
the structure of runs in strings. Our study of runs is based on combinatorics of Lyndon words.
Lyndon words have recently been considered in the context of runs [21, 22], since any run with
period p must contain a length-p substring that is a Lyndon word, called an L-root of the run.
Concerning the number of cubic runs (runs with exponent at least 3), Crochemore et al. [21]
gave a very simple proof that it can be no more than 0.5/N. The key observation is that, for any
given lexicographic order, a cubic run must contain at least two consecutive occurrences of its
L-root, and that the boundary position cannot be shared by consecutive L-roots of a different
cubic run. However, this idea does not work for general runs, since, unlike cubic runs, only one
occurrence of an L-root for a given lexicographic order is guaranteed, and the question of how
to effectively apply Lyndon arguments to the analysis of the number of general runs has so far
not been answered.

The contributions in Chapter 7 are summarized below:

Proof of p(IN) < N and o(IN) < 3N We discover and establish a connection between the
L-roots of runs and the longest Lyndon word starting at each position of the string. Based
on this novel observation, we give an affirmative answer to the runs conjecture. The proof

is remarkably simple.

Based on the same observation, we obtained a bound of 3N for the maximum sum of
exponents ¢(/N) of runs in a string of length N. The best known bound was 4.1N by
Crochemore et al. [24], whose arguments were based on the bound of p(N) < 1.029N.
We note that plugging-in p(/N) < N into their proof still only gives a bound of 4 V.

Let pi (V) be the maximum number of runs with exponent at least & in a string of length
N, and let 0, (V) be the maximum sum of exponents of runs with exponent at least & in
a string of length N. For any integer k£ > 2, we prove a bound of pi(N) < N/(k — 1)
and 0 (N) < N(k+1)/(k — 1). For k = 3, this yields o5(/N) < 2N which improves
on the bound of 2.5N by Crochemore et al. [24]. We also proved conjectured bounds



CHAPTER 1. INTRODUCTION

of p(N,d) < N —dandif N > 2d, p(N,d) < N —d — 1 [28], where p(N, d) is the

maximum number of runs in a string of length N that contains exactly d distinct symbols?.

Linear-time computation of all runs without Lempel-Ziv parsing We give a novel, concep-
tually simple linear-time algorithm for computing all runs contained in a string, based on
the proof of p(IN) < N. Our algorithm is the first linear-time algorithm which does not
rely on the Lempel-Ziv factorization of the string, and thus may help pave the way to

more efficient algorithms for computing all runs in the string [89].

Runs and Lyndon trees We also establish a relationship between L-roots of runs in a string
and nodes of what is called the Lyndon tree of the string [4], which is a full binary tree
defined by recursive standard factorization. We showed a simple optimal solution to the
2-Period Query problem that was recently solved by Kociumaka et al. [67], i.e., given
any interval [i..j] of a string T" of length N, return the smallest period p of T'[i..j] with
p < (j —i+ 1)/2,if such exists, in constant time with O(/N') preprocessing.

1.4 Organization

The rest of this thesis is organized as follows: In Chapter 3, we consider the reverse-engineering
problems for Lyndon factorizations. In Chapter 4, we propose Lyndon factorization algorithms
for compressed strings. In Chapter 5, we propose faster Lyndon factorization algorithms for
compressed strings. In Chapter 6, we study the relation between Lyndon factorizations and
non-overlapping LZ77 factorizations. In Chapter 7, we show the runs theorem and propose a

linear time algorithm to compute all runs in a given string.

2We note that Deza and Franek have independently and simultaneously proved similar bounds [29], based on
our proof of the runs conjecture in an earlier version of this result.



Chapter 2

Preliminaries

In this chapter, we give the notations to be used in this thesis.

2.1 Notation

Let X be an ordered finite alphabet, and let ¢ = |X|. An element of X* is called a string. The
length of a string w is denoted by |w|. The empty string ¢ is a string of length 0. Let =7 be the
set of non-empty strings, i.e., T = ¥* — {¢}. For a string w = xyz, , y and z are called a
prefix, substring, and suffix of w, respectively. A prefix (resp. suffix) x of w is called a proper
prefix (resp. proper suffix) of w if x # w. The set of suffixes of w is denoted by Suffiz(w).
The i-th character of a string w is denoted by wli] for 1 < i < |w|. For a string w and two
integers 1 < i < j < |w|, let w[i..j] denote the substring of w that begins at position 7 and ends

at position j. For convenience, let w[i..j] = ¢ when i > j. For any string w let w® = ¢, and

k—1 k

for any integer £ > 1 let wh = wwkF 1, ie., wF is a k-time repetition of w. Let w™ denote an
infinite repetition of w. For any non-empty string w and integer 2 < i < |w|, let cs;(w) denote
the i-th cyclic shift of w, namely, cs;(w) = w[i..|w|Jw[l..i — 1], and let cs1(w) = w.

A sequence of non-empty strings wy, ..., w; is said to be a factorization of a string w if
Wy Wi = W,

Aninteger p > 1 is said to be a period of a string w if w[i] = w[i+p]| forall 1 < i < |w|—p.
If p is a period of a string w with p < |w|, then |w| — p is said to be a border of w. If w has no
borders, then w is said to be border-free.

If character c is lexicographically smaller than another character ¢/, then we write ¢ < /.
For any non-empty strings z,y € 3T, let lcp(x, y) be the length of the longest common prefix

of x and y, namely, lep(x,y) = max({j | z[i] = y[i]foralll < ¢ < 5} U {0}). For any
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non-empty strings x,y € X1, we write x < y iff either lep(z,y) + 1 < min{|z|, |y|} and
x[lep(z,y) + 1] < yllep(x, y) + 1], or x is a proper prefix of y. For any non-empty set A C ¥*

of strings, let min A denote the lexicographically smallest string in A.

2.2 Lyndon Words

Here, we introduce two equivalent definitions of Lyndon words [73].
Definition 1. A string A is said to be a Lyndon word, if A < ¢s;(\) forall 2 < i < |)|.

Definition 2. A string )\ is said to be a Lyndon word, if A\ < x for any non-empty proper suffix
x of \.

Notice that any Lyndon word is border-free. The following lemma is also useful.

Lemma 1 (Proposition 1.3 [30]). For any Lyndon words A\, and A\, A\ Ay is a Lyndon word iff
AL < A

2.3 Lyndon Factorizations

Definition 3 (Lyndon factorization [14]). The Lyndon factorization of a non-empty string T' €
Y¥*, denoted LF 7, is the factorization (', ..., \c™ of T, such that each \; € ¥ is a Lyndon
word, e; > 1, and \; = N1 forall 1 <1 < m.

Each X;" is called a Lyndon factor, and )\; is called a decomposed Lyndon factor. The
Lyndon factorization is unique for each string 7', and can be represented by the sequence
(IA1],€1), -+, (JAml, em) of two positive integers. For string 7" = abaaabaaabaa, LFr =
(ab)!(aaab)?(a)?. Note that all strings ab, aaab, and a in LFr are Lyndon words, aligned in
lexicographically decreasing order. LF'r can be represented by the sequence (2, 1), (4,2), (1,2).

The follwing lemma can be obtaied by the definition.

Lemma 2 ([30]). It holds that \, is the longest prefix of T which is a Lyndon word and p, is the
largest integer k such that \¥ is a prefix of T.

Also, the Lyndon factorization of any string 7" of length N can be computed in O(N)
time [30]. Algorithm 1 shows a pseudo-code of the main part of the algorithm that computes
the leftmost Lyndon factor (||, e) of a given string T'. The next Lyndon factor can be computed
by running this algorithm on the suffix T[|Ale + 1..|T'|] of T. Throughout this thesis, we refer

to the algorithm as Duval’s algorithm.

10
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Algorithm 1: Algorithm to compute the leftmost Lyndon factor of 7'.
Input: String 7.
Output: Leftmost Lyndon factor (||, e) of T'.
141,75+ 2;
while j < |T'| and T'[i] < T'[j] do
if T[] < T'[j] then i < 1;else i < i+ 1;

Lj%j+k
(Al e) = (G =i, (G =1/ —D)));
output (|\], e);

W N =

S w

2.4 Lempel-Ziv Factorizations

In this section, we introduce LZ77 factorizations [92] and LZ78 factorizations [93].

2.4.1 LZ77 factorizations

The non-overlapping LZ77 factorization of a string 7' is its factorization g1, . . ., g; built left to
right in a greedy way by the following rule: each g; is either the leftmost occurrence of a letter
in 7" or the longest prefix of g; - - - g which occurs in g; - - - g;—1. We refer to each g; as LZ77

phrase.

2.4.2 LZ78 factorizations

The LZ78 factorization of a string T is a factorization fi, ..., f, of T, where each f; € X% for
each 1 < i < s is defined as follows: For convenience, let fo = <. Then, f; = T[p..p + | f;l]
where p = |fo--- fi—1| + 1 and f;(0 < j < i) is the longest previous factor which is a prefix
of T'[p..|T|]. The LZ78 encoding of T is a sequence (k1,a1),. .., (ks,as) of pairs s.t. each pair
(ki, a;) represents the i-th LZ78 factor f;, where k; is the identifier of the previous factor fy,,
and a; is the new character T'[|f; - - - f;|]. The LZ78 encoding requires O(s) space. Regarding
this pair as a parent and edge label, the factors can also be represented as a trie of size O(s), see

Figure 2.1.

2.5 Straight Line Programs

A straight line program (SLP) is a set of productions S = {X; — expry,..., X,, — expr,},

where each X; is a variable and each expr; is an expression, where expr; = a (a € ), or

11



CHAPTER 2. PRELIMINARIES

./ N\ VRN PN o /N
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Figure 2.2: The derivation tree of SLP S = {X; — a, Xo — b, X3 — X;Xo, Xy —
X1X5, X5 — X3Xy, X — XuX5, X7 — XeXs}, representing string S = wval(X;) =
aababaababaab.

expr; = Xy Xy (@ > 1(i), (i) forany 1 <4 < n. Itis essentially a context free grammar in
Chomsky normal form, that derives a single string. Let val(X;) represent the string derived from
variable X;. To ease notation, we sometimes associate val(X;) with X; and denote |val(X;)|
as | X;|, and val(X;)[u..v] as X;[u..v] for 1 < u < v < |X;|. An SLP S represents the string
T = wal(X,). The size of the program S is the number n of productions in S. Let N be the
length of the string represented by SLP S, i.e., N = |T'|. Then N can be as large as 2" .

The derivation tree of SLP § is a labeled ordered binary tree where each internal node is
labeled with a non-terminal variable in { X1, ..., X,,}, and each leaf is labeled with a terminal
character in Y. The root node has label X,,. An example of the derivation tree of an SLP is

shown in Figure 2.2.

2.5.1 Longest common extension problem on SLPs

The longest common extension (LCE) problem on SLPs is to preprocess an SLP so that we can
efficiently answer LCE queries that ask to compute lcp(val(X;)[k1..|X;|], val(X;)[k2..| X;|]) for
any variable X; and 1 < kq, ko < |X;|. The currently best data structures to solve this problem

12
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deterministically are the following.

Lemma 3 ([55]). Given an SLP of size n representing a string of length N, we can preprocess
in O(nlog(N/n)) time and O(n + tlog(N/t)) space to support LCE queries in O(log N) time

where t is the size of non-overlapping LZ77 factorization.

With the data structure, we are also able to answer the lexicographical order of val(X;)
[k1..| X;|] and val(X;)[ks..|X;|] in the same complexities.

In order to describe our complexity independent from the choice of LCE data structures, we
denote by P(n, N), S(n, N) and Q(n, N), the preprocessing time, space and query time of an

LCE data structure, respectively.

2.6 Computation Model

Our model of computation is the word RAM: We assume the computer word size is at least
[log, |T'|], and hence, standard operations on values representing lengths and positions of string
T can be manipulated in O(1) time. Space complexities will be determined by the number of

computer words (not bits).

13



Chapter 3

Inferring Strings from Lyndon
Factorization

In this chapter, we tackle some reverse-engineering problems on Lyndon factorizations. This
is the first study for the problems. In Section 3.1, we present an algorithm to compute a string
on an alphabet of arbitrary size s.t. its Lyndon factorization corresponds to an input. We also
propose an efficient algorithm to compute a string on an alphabet of smallest size. In Section 3.2,
we show an algorithm to compute only the smallest alphabet size. In Section 3.3, we solve an

enumerating problem.

3.1 Computing a String with Given Lyndon Factorization

In this section, we consider two problems. Firstly, we explain an input of our problems. Since
the Lyndon factorization of a string can be represented by ordered pairs of integers (see Sec-
tion 2.3), an input of each problem considered in this chapter is given as a sequence [ of ordered
pairs of integers. We naturally assume that each integer is strictly greater than zero.
Throughout this chapter, we assume ¥ = {cy, ..., ¢, }, where ¢; is the i-th “largest” element

of X forany 1 <17 < ¢. Namely, ¢; > ¢;4; forany 1 <17 < 0.

3.1.1 Computing a string on an alphabet of arbitrary size

The simplest variant of our reverse-engineering problem is the following:

Problem 1. Given a sequence I = (({1,¢1),. .., (lm,en)) of ordered pairs of positive integers,

compute a string T € X7 such that LFr = AT, ..., \ém and | \| = (.

14
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The length N of 7" is clearly N = Y™, {;e;. In Problem 1, there is no restriction on the
size of the alphabet from which the output string 7" is drawn. We get the following Theorem 1

by, basically just assigning decreasingly smaller characters to the first character of each factor.

Theorem 1. Problem 1 can be solved in O(N) time, where N is the length of an output string.

Proof. We process the input sequence I = (({1,€1), ..., ({m,€n)) from left to right. Assume
we have processed the first j elements of /, and have computed the prefix 7'[1..p;] of output
string T', where p; = >.7_ ({;e;). Let ¢(0) = 0, and for 1 < j < m let ¢(j) be the number
of distinct characters occurring in the prefix 7[1..p;]. For the j-th element (¢;,e;) of I, let
Aj = cuij—1)+1 if £ = 1, and \j = cy(j_1)2(cq(j—1)+1)7 " otherwise. Also, let A; = (X;)%. It
is easy to see \; is a Lyndon word. Since c,j_1) > cq(j)» Aj—1 = A; holds. Therefore, string
T = Ay--- A, is a solution to the problem. Since we can compute each A; in O(|A;]) =

O(¢je;) time, the overall time complexity is O(3_7", £;¢;) = O(N). O

Theorem 1 also implies that for any input sequence I of ordered pairs of positive integers,
there exists a string 7" which is a solution to Problem 1. We show a supplementary example of

the simple solution in the following.

Example 1. Let > = {h,g,f,e,d,c,b,a}. For an input sequence I = ((3,1), (2,2), (2,1),
(4,1)), a solution to Problem 1 is T = ghhefefcdabbb, since LFr = (ghh)!, (ef)?, (cd)?,
(abbb)™.

3.1.2 Computing a string on an alphabet of the smallest size

Now, we consider a more interesting variant of our reverse-engineering problem, where a string
on an alphabet of the smallest size is to be computed.
Forany 1 < j < o, letX; = {c1,... ,cj} denote the set of the j largest characters of X..

The problem is formalized as follows:

Problem 2. Given a sequence I = (({1,¢€1),...,({m,em)) of ordered pairs of positive integers,
compute a string T € X such that LE7r = A7, ..., \ém, |\| = {;, and r is the smallest
possible.

An example of Problem 2 is shown below. Let ¥ = {d, c,b,a}. For an input sequence

I =1((3,1),(2,2),(2,1),(4,1)) of positive integers, a solution to Problem 2 is string 7' =
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cddcdcdbdbcdd where LF 7 = (cdd)!, (cd)?, (bd)', (bcdd)!. Remark that the output string of
the example contains only 3 distinct characters, while that of example above contains 8 distinct
characters, for the same input sequence /.

In what follows, we present an O(/N)-time algorithm to solve Problem 2. This algorithm

computes Lyndon factors from left to right, and is based on the lemma below.

Lemmad. Let [ = (({1,€1),...,({m,em)) be a sequence of ordered pairs of positive integers.
If for some string w € XF, LF,, = A{',...,\¢", where \i is the lexicographically largest

Lyndon word of length {1 and for all 2 < 1 < m, \; is the lexicographically largest Lyndon
word of length {; which is lexicographically smaller than \;_i, then, T € Xt where 3, =

{c1,...,¢.} C X andr is the smallest possible.

Proof. Let ; > --- > L, be the decreasing sequence of Lyndon words on ¥ of length at most
max{/; | 1 <i < m}. Then the sequence A1, ..., \,, is a subsequence of L1, ..., L,, i.e., there
exist1 <ip < - <y <ast A =Ly,....,\y =L, . If L; € 5} — X | for some 4, then
it must be that L;[1] = ¢, or else L; cannot be a Lyndon word. Thus, for any Lyndon words
LieX andL; € X —%" |, L; = L;,and thus i < j holds. As the condition on 7 indicates
that iy = min{i | |[L;| = 1} and i; = min{i | Ly, , = L;, |L;| = £;} forany 1 < j < m, iy, is

the smallest possible, and thus 7 is the smallest possible. 0

See also Figure 3.1 for an example of Lemma 4. The string 7" of Lemma 4 is the lexi-
cographically largest string whose Lyndon factorization corresponds to input /. We compute
T as defined in Lemma 4. In the rest of this chapter, for any string = and integer £, the lex-
icographically largest Lyndon word of length £ which is lexicographically smaller than x by
PredLyn(zx, k).

Duval [31] proposed a linear time algorithm which, given a Lyndon word, computes the next
Lyndon word (i.e., the lexicographical successor) of the same length. Although our algorithm to
be shown in this section is somewhat similar to his algorithm, ours is more general in that it can
compute the previous Lyndon word (i.e., the lexicographical predecessor) of a “given length”,
in linear time.

If /4 = 1, then \y = ¢;. If ¢4 > 2, then \; = cgcfl_l. Assume that we have already
computed A\, ..., \;_; for 1 < ¢ < m, and we are computing );. In so doing, we will need

Lemma 5 and Lemma 6.
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(13) = (c)’
22) = (bc)?
(3.1) = (bbc)!

L (3.2) = (acc)?

L

L 2,1) = (ac)!

L

L

L

L,,= aac

L;= aab

L Luz=a
Figure 3.1: An example of Lemma 4. Let ¥ = {c,b,a} and I =

((1,3),(2,2),(3,1),(3,2),(2,1)). For example, the first factor c is the lexicographically
largest Lyndon word of length 1, and the last factor ac is the lexicographically largest Lyndon
word of length 2 which is lexicographically smaller than previous factor acc.

|z|—

Lemma 5. Let © be any Lyndon word such that |z| > 2 and xli..|z|]] = ¢, for some
|z|—1

1 <i < |z| and some 1 < q < 0. Then, forany 1 < p < q, y = x[l..i — l|c,cy " is a Lyndon

word.

Proof. Firstly, we show that y[1..i] is a Lyndon word. Assume on the contrary that y[1..7] is not
a Lyndon word. Then, there exists 2 < j < ¢ satisfying y[1..7] > yl[j..i]. Since z[l..i — 1] =
y[l..i — 1] and z[i] = ¢, < ¢, = y[i], y[1..9] > =x[l..9] and y[j..7] > z[j..7]. Since 2 < j,
ly[7..i]| =i —7+1 <i—1. Since y[1..i — 1] = z[l..i — 1], we get x[1..i] > y[j..i], which
implies that z[1..7] > x[j..i]. However, this contradicts that = is a Lyndon word. Hence y/[1..1]
is a Lyndon word.

Now we show y is a Lyndon word by induction on k, where i < k < |y|. The case where
k = i has already been shown. Assume y[1..k] is a Lyndon word fori < k < |y|. As2 < i <k,
y[l..k] < y[k + 1] = ¢1. Since y[k + 1] = ¢; is a Lyndon word, by Lemma 1, y[1..k + 1] is a
Lyndon word. This completes the proof. [

Lemma 6. For any Lyndon word x with |x| > 2 and any 1 < i < |z|, y = x[l..i]c'lml_i is a

Lyndon word.

Proof. Let k = |z| —i. We prove the lemma by induction on k. If k = 0, i.e. i = |z|, theny = z

and hence the lemma trivially holds. Assume the lemma holds for some 0 < k < |z| — 1, i.e.,
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z[1..|z| — k]¢® = 2[1..]]¢" " is a Lyndon word. Then, by Lemma 5, z[L..|z| — (k + 1)]ci*! =

x[l..0 — 1]0'1“F"’|_ZAJrl is also a Lyndon word. Hence the lemma holds. O

We show examples of the above lemmas. Let x = abcadd be a Lyndon word and ¥ =
{d,c,b,a}. By Lemma 5, abcbdd, abccdd, and abcddd are also Lyndon words. By Lemma 6,
abcddd, abdddd, addddd are also Lyndon words.

Computing \; from \;_; when /; = /;_,.

Here, we describe how to compute \; from \;_; when ¢; = ¢, 1, namely, |\;| = |\;_1]. The

following is a key lemma:

Lemma 7. For any non-empty string x, PredLyn(x, |z|) = z[l..i — 1]cj+1c|1‘r‘7i where x[i] = ¢;

and i is the largest position s.t. z[1..i — 1]cj+1c|1‘rH is a Lyndon word.

Proof. Let y = PredLyn(z,|z|). Assume on the contrary that there is a Lyndon word A of
length |z| st. y < A < x. As z[l.i — 1] = y[l.i — 1] and ¢; = z[i] > yli] = ¢j41,
there is a position ' > i s.t. A[1..i' — 1] = z[1..i' — 1] and A[¢'] < z[/]. By Lemma 6,
AL = 2[1.4 — 1JA[#)""™" is a Lyndon word. By Lemma 5, z[1..i' — 1]cjr41¢" ™ is
a Lyndon word, where x[i'| = ¢;; > ¢;r+1 > A[¢]. This contradicts that i is the largest position

inz s.t. #[1..i — 1)e; 46" " is a Lyndon word. O

Algorithm 2 shows a pseudo-code of our linear-time algorithm to find PredLyn(z, |z|). To
efficiently compute ¢ of Lemma 7, we use, as a sub-routine, Duval’s algorithm [30] which
computes the Lyndon factorization of a string. In the next lemma, we show how Algorithm 2

works and its time complexity.

Lemma 8. For any non-empty string x, Algorithm 2 computes PredLyn(z,|z|) in O(|x|) time.

Proof. Let C, be an array of length |z| such that, for any 1 < i < |z|, C.[i] = max{q |
zli.i+ q — 1] = ]}. Namely, C,[i] represents the number of consecutive ¢;’s starting at
position ¢ in z. Algorithm 2 firstly computes C,.

For 1 < k < |z|, let x, = z[l..k — 1]cj+lc|1m|_k, where ¢; = x[k]. Namely, z; is the
concatenation of the prefix of x of length & — 1, the lexicographically next character ¢; , to the
character ¢; = x[k], and the repetition of ¢; of length |x| — k (see also Figure 3.2 for illustration
of x;). The algorithm checks whether z;, is a Lyndon word for all 1 < k& < |z| in increasing

order of k, based on Duval’s algorithm [30].
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Algorithm 2: Compute next smaller Lyndon word of same length.

10
11
12

Input: String x.
Output: PredLyn(z,|z|).
compute C,;
E 1,k <+ 2,0 0;
if z[1] # ¢, then ¢ <+ 1;
while k& < |z| do
if z[k] # ¢, then
if z[k'] < c;,, then i< k;
else if z[k'] = ¢;,, then
len <— min{C, [k + 1],k — k' —1};
L if len < |z| — k then i < k;

// Operation of Duval’s algorithm.
if [k'] < x[k] then k' < 1,k + k+ 1;

else if z[k'] = z[k] then k' « k' + 1,k <+ k+1;
else break;

|| —i.

output z[1..0 — 1fcj ¢y

/! c; = xlk]

// CjISC[i]

For each k, our algorithm maintains a variable &’ to be the largest integer satisfying z[1..k"'—

1] = axlk — K + 1.k — 1] and xx[1..k — 1] is a Lyndon word (see also Figure 3.2). To check

if z), is a Lyndon word, we compare z[k'| = x[k'] and zx[k] = c;,, (lines 6 and 7). There are

the three following cases:

o If z[k'] < ¢;,,, then we know that z[1..k — 1]c;,, is a Lyndon word, due to Duval’s

G+
algorithm [30]. It follows from Lemma 1 that z[1..k — 1]c; ¢
value of i is replaced by £ (line 6).

o If z[K'] >~ ¢34, then we know that z[l.k — 1]03.Jrl |z|—k

Duval’s algorithm [30].

o If z[k'] = c;,,, then 2[1.K] = z[k — K + 1.k — 1], .

jal —k

s a Lyndon word. The

) is not a Lyndon word, due to

In this case, we compare

the substrings immediately following [1..k] and z[k — k" + 1..k — 1]c;,, respectively.
Since xy[k + 1..]z|] = c'f‘_k, if we know the number of consecutive ¢;’s from position

k" + 1 in x, then we can efficiently check’ whether or not z;, is a Lyndon word. Let len
be the number of consecutive ¢;’s from position k&’ + 1 in x; which can be calculated by
min{C,[k" + 1],k — k" — 1}. We compare [en with the number of consecutive ¢;’s from
position k + 1 in xy, which is clearly |x| — k. If len < |x| — k, then zy is a Lyndon word.

Otherwise, xj, is not a Lyndon word since it has a border.
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X [ x[LA=1] k] x[k—k+1.k-1] | ¢, x[kt1..Jx]]
' |
! ﬂ
' |
Xi | xllk—1]  |uik] X [k—k+1.k=1] ¢y ¢k

\ J

T
Lyndon word

Figure 3.2: Illustration of string x;, in proof of Lemma 8.

In lines 10-12 we update the values of £’ and k using Duval’s algorithm [30].

After the while loop, the variable i stores the largest integer s.t. x[1..0 — 1]cj+1c|fcH isa
Lyndon word, which is the output of the algorithm (line 13).

It is easy to see that C,, can be computed in O(|z|) time. The while loop repeats at most
|z| times, and each operation in the while loop takes constant time. Therefore the overall time

complexity is O(|z]). O

Computing \; from )\; ; when ¢, | # /.

Here, we show how to compute \; from \;,_; when their lengths ¢; and ¢; _; are different. Firstly,

we consider the case where ¢; 1 > {;, namely |\;_1| > |\

Lemma 9. For any non-empty string x and positive integer k < |x|, if z[1..k] is a Lyndon
word, then PredLyn(z,k) = x[1..k]. Otherwise, PredLyn(x,k) = z[1..i — 1]cjy1c; ™", where

z[i] = ¢; and i is the largest position s.t. z[1..i — 1|c;11¢} " is a Lyndon word.

Proof. Let ' = z[l..k]. No string of length k& which is lexicographically smaller than x

/

and larger than 2 exists. Thus, if 2’ is a Lyndon word, PredLyn(x,k) = z’. Otherwise,

PredLyn(x,k) = PredLyn(a’, k). Since |2'| = k, the statement follows from Lemma 7. O

Secondly, we consider the case where ¢;_; < ¢;, namely |\;_1| > | \;].

Lemma 10. For any non-empty string x and positive integer k > |x|, PredLyn(x, k) = x[1..i—
eji1ci ™ where x]i] = ¢; and i is the largest position s.t. x[1..i — 1]c;11¢y " is a Lyndon word

and 1 <i < |xz|.
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Proof. Let y = PredLyn(x, k). Assume on the contrary that there exists a Lyndon word A of
length & s.t. y < A < z. This implies that A[1..i" — 1] = x[1..i' — 1] and A\[¢/] < z[¢] with

i < i’ < |z|. The rest of proof is in a similar way of Lemma 7. O

Due to the two above lemmas, \; can be computed from \;_; in a similar way to the case
where |\;| = |A;i_1|, using a slightly modified version of Algorithm 2, as described in the

following theorem.
Theorem 2. Problem 2 can be solved in O(N) time, where N is the length of an output string.

Proof. Assume we have already computed Ay, ..., \;_; and are computing \;.

° If|)\z_1| > |>\Z

Lemma 9, if x is a Lyndon word, then \; = z. We can check whether x is a Lyndon word

, then let x be the prefix of \;_; of length ¢;, namely, z = \;_[1..4;]. By

or not in O(|z|) time, by using Duval’s algorithm [30]. Otherwise, A; can be computed

from x by Algorithm 2. This takes O(|\;|) = O(¥;) time by Lemma 8.

e If |\;,_1| = ||, then \; can be computed from \;_; in O(¢;) time, by Lemma 8.

‘f‘il_w‘ll. We take x as input to Algorithm 2, with a

o If [\;,_1| < |\if, thenlet z = \;_;c
slight modification to the algorithm. Since \;_; > = > A; must hold, we are only inter-
ested in positions from 1 to |\;_;| in x. Hence, as soon as the value of k in Algorithm 2
exceeds \;_1, we exit from the while loop, and the resulting string is A\;,_;. The above
modification clearly does not affect the time complexity of the algorithm, and hence it

takes O((;) time.
Thus we can compute the output string in O(D_.", £;e;) = O(N) time. O

We can remark that for computing Ay, ..., \,, we do not use ey, ...,e,,, and hence, the

following corollaries are immediate from Theorem 2.

Corollary 1. We can compute the Lyndon factorization \{', ..., \im of a string which is a
solution to Problem 2 in O(3_" (;) time.

Corollary 2. Given a sequence I = (((1,€e1), ..., (lm,€em)) of ordered pairs of integers and an

integer v > 1, we can determine in O(> ", {;) time if there exists a string T over an alphabet

of size at mostr s.t. LFr = A\{*, ..., \om and | \;| = £
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3.2 Computing the Smallest Alphabet Size

In this section we consider the following problem.

Problem 3. Given a sequence I = (({1,€1),...,(lm,em)) of ordered pairs of positive inte-
gers, compute the smallest integer r for which there exists a string T € 3 such that LFp =

)\?, e )\%” and ‘)\z’ = gz
An example of Problem 3 is shown below.

Example 2. For input sequence I = ((3,1),(2,2),(2,1), (4, 1)), the solution is v = 3. This is
because for string T = bccbebeacabec over alphabet {c,b,a}, LFr = (bcc)!, (be)?, (ac)?,
(abcc)l, and there is no string over an alphabet of size two or one whose Lyndon factorization

coincides with 1.

Clearly, this problem can be solved in O(/N) time by Theorem 2. However, since only the
smallest alphabet size is of interest, a string does not have to be computed in this problem. To
this end, we present an optimal O(m)-time algorithm to solve Problem 3, where m < n is the
size of the input sequence /. The basic strategy is the same as the previous algorithm, i.e., we
simulate the algorithm of computing \; from \;_q, for all 1 < ¢ < m. The difficulty is that, in
order to achieve an O(m)-time algorithm, we cannot afford to store \;’s explicitly. Hence, we
simulate the previous algorithm on a compact representation of \;’s.

We introduce the largest character block encoding (LCBE) Y of a non-empty string x.
Consider factorizing x into blocks according to the following rules; the b-th block Y} is the
longest prefix of z[pos(Y})..|x|] s.t. Y, = ¢;c] for some j > 1 and ¢ > 0, where pos(Y;) = 1
if b = 1, and pos(Yy) = pos(Yy—1) + |Y,—1| otherwise. Let ||Y|| denote the number of blocks
of Yie,z =Y =Y1Y5...Y)y. Forany 1 < b < ||Y], Y3[1] # ;. Notice that Y can be
encoded in O(]|Y]|) space by storing Y;[1] and pos(Y;) for each block.

Let Y and Y’ be the LCBE of \;_; and \;, respectively. It holds that ||Y'|| < ||V + 1
and ||Y|| < m because of the algorithm described in the previous subsection. To compute
Y’ from Y efficiently, each block Y, stores the information about the position &’ s.t. Y[k']
and Y[pos(Y3)] are supposed to be compared in Algorithm 2. Since Y is a Lyndon word,
Y[K'] < Y[pos(Y,)] < ¢; and there exists a block starting at &'. Also, Y'[1..k" — 1] is the longest
prefix which is a suffix of Y'[1..pos(Y;) — 1]. Thus we let Y}, have the value pbi(Y,) = max{¥’ |
1<V <bY[l.pos(Yy)—1] = Y([pos(Y,) — pos(Yy) + 1..pos(Y,) — 1]}, that is, b’ = pbi(Y})
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is the block index s.t. &' = pos(Yy ). We can let pbi(Y;) remain undefined since we will never

use it. An example of LCBFE follows.

Example 3. Let ¥ = {c,b,a} and \;_; = acaccacbacaccbcc. Then the LCBE of \;_1
is Y = ac,acc,ac,b,ac,acc,bcc and pbi(Ys) = 1,pbi(Y3) = 1, pbi(Yy) = 2, pbi(Ys) =
1, pbi(Ys) = 2, pbi(Y7) = 3.

Lemma 11 shows how to efficiently compute Y’ from Y using pbi. Since Y and Y share at

least the first ||Y”|| — 2 blocks, we do not build Y from scratch.

Lemma 11. We can compute LCBE Y’ of \; in O(max{1, ||Y|| — [|Y’||}) time from the given
LCBE'Y of \i_1 with pbi (see also Algorithm 3).

Proof. Since it is trivial when Y = ¢;, we consider the case where Y # ¢; and Y[1] < ¢.
We simulate the task described in Theorem 2. First, we adjust the length of Y to ¢, i.e., add
cii’_ei‘l if ;1 < ¢;, or truncate Y to represent Y'[1..¢;] if ¢;_1 > ¢;. A major difference from the
algorithm of Theorem 2 is that we process the blocks from right to left, checking whether each

block contains the position k s.t. Y/[1..k — 1]cj+1c‘ly|_k

is a Lyndon word, where ¢; = Y'[k]. We
show each block Y}, can be investigated in O(1) time by using LCBE and pbi.

Forany 1 < k < |Y|, let p(k) be the position £k’ s.t. Y[1..k" — 1] is the longest prefix of ¥’
which is a suffix of Y[1..k — 1]. In Algorithm 2, Y'[k] is compared with Y'[p(k)]. As described
inLemma 8, forany 1 < k < |Y|with Y[p(k)] < Y[k] =¢;, Y[l..k— 1]cj+1c|1y‘_k is a Lyndon
word iff Y [p(k)] < ¢j41 or |Y| — k > d, where d is the maximum repeat of ¢;’s as a prefix of
Y(p(k)+ 1.k —1].

Consider the case where b # 1. Let i’ = pbi(Y;). Since we know p(pos(Y;)) = pos(Yy),
position u = pos(Yy) + lep(Ys, Yy ) is the leftmost position inside Y, s.t. Yp(u)] < Y|u]
if |Y,| > lep(Yy, Yiy). By the definition of LCBE and that Y is a prefix of a Lyndon word,
lep(Yy, Yy) = 0if Y, [1] # Yy [1], and lep(Ys, Yir) = |Yi| otherwise. For any k with p < k <
pos(Yy) + V5| — 1, Yp(k)] < Y[k] = ¢1 holds since Y[1] < ¢; and p(k) = 1. Since we can
compute d from the information of LCBE in O(1) time, we can check if Y[1..p — 1]cj+1c|1y|7“
is a Lyndon word or not in O(1) time. Since p(x”) = 1 and Y[i"] = ¢ for any p” with
p< p < pos(Yy) + |Ya| — Lif Y[1] < cpor [Y| =y > d, then Y[L..p" — 1)ejqc ™"
is a Lyndon word, where d’ is the maximum integer s.t. ¢{ is a prefix of Y'[2..;” — 1]. Hence

by a simple arithmetic operation we can compute in O(1) time the largest position y' with
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< < pos(Yy)+|Ys| —1st. Y[y — 1]CQC|1Y‘7'M/ is a Lyndon word. A minor remark is that

we add a constraint for i/ not to exceed ¢;_; when ¢;_; < ¢; and b = ||Y||.

The case where b = 1 can be managed in a similar way to the case where u < p” <
pos(Yy) + V3| — 1 described above, and hence it takes O(1) time.

We check each block from right to left until we find the largest position &k s.t. Y[l..k —
1]cj+1c|lylfk is a Lyndon word, where ¢; = Y'[k]. Since each block can be checked in O(1)
time, the whole computational time is O(max{1, ||Y|| — ||Y"||})-

Since pbi for the blocks in Y other than the last block remain unchanged from pbi for Y, it
suffices to calculate pbi for the last block of Y. Let b = ||Y”||. Assume b > 1 since no updates
are needed when b = 1. Then pbi(Y)) = pbi(Y, ;) + 1ifb—1 > 2 and Yz;bi(Yb’,l) =Y/ ,,and
pbi(Y)) = 1 otherwise. O

Theorem 3. Problem 3 can be solved in O(m) time and O(m) space.

Proof. We begin with LCBE of A\, and transform it to LCBE of X5, A3, ..., A, in increasing
order, using Lemma 11. Finally we get LCBE of ),, and we can obtain the alphabet size by
looking into the first character of \,,.

Let By, By, ..., B,, denote the number of blocks in LCBEs of A, Ao, ..., A\, respec-
tively. Clearly B; = 1. By Lemma 11, the total time complexity to get LCBE of A, is
o ", max{1, B;_y — B;}) = O(m + By — B,,) = O(m). O
3.2.1 Computing a string on an alphabet of the smallest size in a compact

representation

We also remark that an O(m)-size compact representation of the lexicographically largest solu-
tion for Problem 2 can be computed in O(m) time through the algorithm described in the above.
To do so, we store all LCBE’s of A\j, Ao, ..., A\, as a tree where the common prefix blocks are
shared. Using this representation, we can obtain the desired string in O(N) time.

Our compact representation is defined as follows:
e cach node is labeled with pair (c, ¢) s.t. ¢ € X, ¢ is an integer,
e a pair (¢, ) represents a block ccf,

e a path from the root to a node represents a string that is the concatenation of strings

represented by each node on the path,
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Algorithm 3: Algorithm to convert LCBE'Y of ); into that of \;_;.
Input: LCBE Y of \;_; with pbi.
Result: Make Y to be the LCBE of \; with pbi.

if Y = ¢, then return Y < 020%'_1;

if (,_1 </;then Y « YC?_&_I;

ot

2
3 else if /,_; > /; then

4 Y « YI[1.4];

5 L if Y is a Lyndon word then return Y;

6 b [[Y]];

7 while true do

8 if&‘_l <€i and b = HYH then 7’]%&'_1;

9 | else n <+ pos(Yy) + |Ys| — 1;

10 if b = 1 then

11 if Y1[1] < ¢, then return Y « Y[1.p — 1]¢; 1ci 7 ; // ¢;=Y]n]
12 p o max{p” <[l —p" > p" =1k

13 return Y < Y[l — 1]cj+1c§““/; /] c;=Y[]

// In what follows, b#1.

1 | V< pbi(Yy);

15 if Y;[1] = Yy[1] then

16 if |Y,| = |Yy| then b < b — 1, continue;
17 L < pos(Yy) + |Yy |, 0 < b + 1,

18 else 1 < pos(Yy);
19 if 4 < 7 then

20 if Y1[1] < ¢, then return Y « Y[1.p — 1]¢; 1577, // ¢;=Y]n
21 p = max{p” <[l —p" > (Y]}

22 | if p < g/ then return Y < Y/[1..p/ — l]cjﬂcfi_“/ ; /] c; =Yy
23 if }/b’[l] = Cj+1 then // Cj = Y[M]
24 if b =b' then d < p — pos(Yy);

25 else d < |Yy|;

26 B if /; — u < d then b < b — 1, continue;

27 | return Y  Y[l.p— 1]¢j e [/ c; =Yy

e a path from the root to a leaf represents a Lyndon factor of 7',

e leaves are sorted in the order of Lyndon factors.

We show an example in Figure 3.3 for 7" = bcbbcccbbecbebbebbecac.
By the definition, each node corresponds to a block of the LCBE. Thus the number of
nodes is O(m), and the number of edges is also O(m). Therefore, this representation takes

O(m) space. We can also compute this representation by using the algorithm described in the
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v

(b, 0)
Al AS
\(b,3)] [, 1)]
A, \
Lo, 1) [(0,0)]
A3
(b, 2)
A, =Dbbcbbcc

Figure 3.3: Let I = ((2,1),(5,1),(5,1),(7,1),(2,1)). Then the solution of Problem 3 is
T = bebbeccbbebebbebbecac, since LFr = (be)!, (bbeec)?, (bbebe)!, (bbebbec)!, (ac)l.
This trie represents LF'r. For example, A\; = bbcbbcc.

above.

Theorem 4. Given a sequence of integer pairs I = (((1,e1), ..., (lm,en)), we can compute
O(m)-representation of a string T over an alphabet of the smallest size in O(m) time s.t.

LFTI)\?,... AEm ’)\Z|:€Z

rotm 0

3.3 Enumerate Strings with Given Lyndon Factorization

In this section, we consider a problem of enumerating all strings whose Lyndon factorizations

correspond to a given sequence of integer pairs:

Problem 4. Given a sequence I = (((1,¢1),...,({m,en)) of ordered pairs of positive integers
and ¥, = {c1,...,c.}, compute all strings T € X' such that LF'r = \{',..., Ao and | \| =
l;.

We show an example of this problem.

Example 4. Let &, = {c,b,a}. For an input sequence I = ((3,1),(2,2),(2,1)) of positive
integers, a solution to Problem 4 is T' = bccbcbeac, becbebceab, becacacab, bbcacacab,
accacacab, acbacacab, since LF7 = ((bcc)?, (bec)?, (ac)t), ((bec)!, (be)?, (ab)!), ((bec)?,
(ac)?, (ab)"), ((bbe)', (ac)?, (ab)'), ((acc)’, (ac)?, (ab)'), ((ach)', (ac)*, (ab)").
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Let K be the set of output strings for Problem 4. We consider a tree [fTree defined as

follows. Let root be the root of IfTree.

e root is Ty.01, Which is the lexicographically largest string in K, computed by the algo-

rithm of Section 3.1.2;

e Each child v of any node u is a pair (7, j) of a string and integer j, such that T, is the
string obtained by replacing the j-th factor )\jj of the Lyndon factorization of 7;, with
(A;)%, where X} is a Lyndon word of length /; satisfying A; = X’ = Aj 1 (Apq1 denotes

¢ for convenience);

e For any non-root node u = (7, ) and any child v = (7, j) of u, i > j.

The next lemma shows that IfTree represents all and only the strings in K.

Lemma 12. Let [ = ((¢1,e1), ..., (b, €m)) be a sequence of ordered pairs of positive integers.
Then [fTree contains all and only strings T € ¥ s.t. LFp = A{', ..., Ao with |\;| = ¢; for
alll < <m.

Proof. If 7' is the lexicographically largest string in K, then it is represented by root, i.e.,
T = Troor. Otherwise, let LFp = X', ... Xem and LFr,, = (A%, ..., (An)e". Let J =
{7 1A = A}Yand = |J]. Forany 1 < i < p, let j; denote the i-th smallest element of .J.
The node u that corresponds to 7' can be located from root, as follows. By the definition of
lfTree, (X, ju) is a child of root. Assume we have arrived at a non-root node v;, = (;,, j;)
with 1 < ¢ < p. Let LFp, = 7', ..., 2x5m. Then, for any k < j;, x = j\k Thus we have that
N, =T, = N, = Nj,_ 141 = j,_,+1. This implies that v;,_, = (\,,_,,ji—1) is a child of
vj,. Note that for any k' > j;_1, zx» = A\p. Hence, v;, = u, the desired node which corresponds
to 7'

By the definition of [fTree, any string corresponding to a node of [fTree is in K. ]

A naive representation of [fTree requires O(|K|N) space. To reduce the output size of

Problem 4, we introduce the following compact representation of [fTree:

e rootis LFq,, = (M), ..., (Am)®", where T,o0 is the lexicographically largest string

in K, computed by the algorithm of Section 3.1.2;
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| (bc)? bbc  ac]

/

l(ab,3)]  lacc,2))  |acb, 2)

T N

l(acc, 2)||(acb, 2)||(acb, 2)||(abb, 2)| = (bc)2abb ab

l(ac,1) |l (ac, 1) |= (ac)? abb ab

Figure 3.4: This figure shows the tree [fTree when I = ((2,2),(3,1),(2,1)) and X = {c,b, a}.

e Each child v of any node w is a pair ()}, j) of a Lyndon word A’ of length ¢; and integer
J, such that LF'7, is obtained by replacing the j-th factor )\jj of the Lyndon factoriza-
tion LFr, of T, with ()\;»)eﬂ', where A} satisfies A; = A = Ajy1 (Anq1 denotes ¢ for

convenience);
e For any non-root node u = (Aj, ) and any child v = (A7, j) of u, i > j.

Let liax = max{¢; | 1 <i < m}and N’ = > " ¢, Then, this compact representation
of T requires only O(|K|l.x + N’) space. In the sequel, we mean by [fTree the compact
representation of [fTree. An example of [fTree is given in Figure 3.4.

The number of nodes in [fTree is |K|. Since the root has LFy , and other nodes have a
pair of a factor and an integer, IfTree takes O(| K |lmax + N') space.

We show how to construct IfTree in linear time. Let LF 7. = (A)®, ..., (Am)®". Let H be
the set of integers 7 (1 < 1 < m) s.t. there exists a Lyndon word 5\,7 satisfying ;\,, - ;\n - ;\7,+1,

where A, is the empty string ¢ for convenience.

Lemma 13. Given a sequence I = (({1,€1), ..., (lm,en)) of ordered pairs of integers, H can
be computed in O(N') time, where N' = X" | (.

Proof. We compute LF7, . = (A, ..., () in O(N’) time by Corollary 1. For each
1 < n < m, we apply Algorithm 2 to ;\n and compute the lexicographically largest Lyndon
word 5\,7 of length |/~\77| = (, that is lexicographically smaller than 5\7,. If n < m, then we
lexicographically compare 5\,7 with 5‘n+1’ and n € H only if :\n >~ 5‘n+1- This takes O(/,)) time
for each . If n = m, then m € H only if A\ contains at most r = |3,| distinct characters.
This can be easily checked in O(/,,) time. Hence, it takes a total of O(N’) time forall 1 <7 <
m. 0
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Theorem 5. An O(|K|lyax + N')-size representation of the solution to Problem 4 can be com-
puted in O(|K |lyax + N') time with O(N') extra working space, where |K| is the number of
strings corresponding to a given I, U, = max{l; | 1 <i <m}and N' =3 " (.

Proof. We first check if there is a string over a given alphabet >, whose Lyndon factorization
corresponds to the input sequence 7, in O(N') time by Corollary 2. If there exist such strings,
then K = () and thus the theorem holds.

e = (M)
(Am)é™, which can be computed in O(N’) by Corollary 1. Then, we compute the children of

Assume K = (). The root node root of T is the Lyndon factorization LF,

root as follows. For all n € H, we compute all the Lyndon words 5\,7 of length \5\,]] = (, that
satisfy 5\7, - 5\77 >~ 5‘n+1’ over alphabet X,.. Each of these Lyndon words can be computed in
O(l,)) = O({max) time by Lemma 8.

Given a non-root node v = (\;,j), we compute the children of u as follows. If j =
1, then w is a leaf and has no children. Otherwise, we first compute all the Lyndon words
N;_, of length IAj_1| = €;_1 that satisfy A;_; > N;_y = Aj, over alphabet ¥,. Then, for all
n € HnN{l,.,j— 2}, we compute all the Lyndon words A} of length |\,| = /, that satisfy
5\,7 - >\;7 - ;\nﬂ, over alphabet ¥,.. Each of these Lyndon words can be computed in O(y,ax)
time as well.

We can compute H in O(N’) time by Lemma 13. Since each node can be computed in
O(lmax) time as above, the total running time for constructing IfTree is O(| K [lyax + N'). We
need extra O(N') working space to store H.

We show the correctness of the algorithm. Clearly, all the children of root are computed
by the above algorithm. Consider any non-root node u = (\;, j) of {fTree. Let T,, be the string
that corresponds to node u. Since 5\]- = Aj, if j > 2, then there may exist some Lyndon words
N, of length I\j_1| with A,y > N;_1 = A;. All such Lyndon words over i, are computed by
the above algorithm. Consider the other children of . Since the first 7 — 1 factors of LF', are
(A1), ..., (\j_1)%, all the Lyndon words A, of length |\,| satisfying X, > Ay = A1 with
n € HN{l,...,j — 2} correspond to the children of u. All these Lyndon words over ¥, are also
computed by the above algorithm. This completes the proof.

[
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3.4 Conclusions

In this chapter, we considered the reverse-engineering problems on Lyndon factorizations. This
work is the first contribution of these problems. In Section 3.1, we presented a linear time
algorithm to compute a string 7' on an alphabet of the smallest size such that the Lyndon fac-
torization of 1" can be represented by an input sequence /. In Section 3.2, we also presented
an efficient algorithm to compute only the smallest alphabet size (we do not compute a string
T explicitly). Due to this technique, we can represent a string 7' which is obtained by our al-
gorithm in O(m) space where m is the number of the Lyndon factorization. In Section 3.3, we
considered an enumerating version of our problem. For this problem, we proposed a compact
representation of all valid strings and an efficient algorithm to compute the representation.

One of the most important points of our algorithms is how to generate the next Lyndon
word of a given length. Duval [31] proposed a linear time algorithm which, given a Lyndon
word, computes the next Lyndon word (i.e., the lexicographical successor) of the same length.
Ours is more general in that it can compute the previous Lyndon word (i.e., the lexicographical
predecessor) of a “given length”, in linear time.

A remaining our interest for the reverse-engineering problem on Lyndon factorization is a
counting version of the problem. Can we compute only the number of strings such that the

Lyndon factorizations can be represented by [ without computing all strings explicitly?
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Chapter 4

Lyndon Factorization Algorithm for
Compressed Text

In this chapter, we propose a Lyndon factorization algorithm for a compressed string. We focus

on a grammar compressed string called an SLP as an input string.

4.1 Computing Lyndon Factorization from SLP

The problem we tackle in this chapter is the following.
Problem 5. Given an SLP S representing a string 'T', compute the Lyndon factorization LF .

In this section, we show how, given an SLP S of n productions representing string 7', we
can compute LFr of size m in O(nh(P(n,N) + Q(n, N)log N) + n3h) time. We will make

use of the following known results:

Lemma 14 ([30]). For any string T, let LF'r = A, ..., A", Then, \,, = ming Suffiz(w),
i.e., A\, is the lexicographically smallest suffix of T.

Lemma 15 ([71]). Given an SLP S of size n representing a string T of length N, and two
integers 1 < i < j < N, we can compute in O(n) time another SLP of size O(n) representing

the substring Ti..j].

Lemma 16 ([59]). Given an SLP S of size n representing a string I' of length N, we can
compute the shortest period of T in O(n?h) time and O(n?) space.

By Lemma 14, Problem 5 is reduced to the following sub-problem:
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Problem 6. Given an SLP S representing a string T, compute the length of the lexicographi-
cally smallest suffix of T.

For any non-empty string w € 7, let LFCand(w) = {x | x € Suffiz(w),Jy € XF s.t. zy
= min_ Suffiz(wy)}. Intuitively, LFCand(w) is the set of suffixes of w which are a prefix of
the lexicographically smallest suffix of string wy, for some non-empty string y € X7.

The following lemma may be almost trivial, but will play a central role in our algorithm.

Lemma 17. For any two strings u,v € LFCand(w) with |u| < |v

, w is a prefix of v.

Proof. If v[1..|u|] < u, then for any non-empty string y, vy < uy. However, this contradicts
that u € LFCand(w). If v[1..|u|] > u, then for any non-empty string y, vy = uy. However,
this contradicts that v € LFCand(w). Hence we have v[1..|u|] = u. O

Lemma 18. For any string w, let A = min_ Suffiz(w). Then, the shortest string of LFCand(w)

is AP, where p > 1 is the maximum integer such that NP is a suffix of w.

Proof. For any string © € LFCand(w), and any non-empty string y, xy = min. Suffiz(wy)
holds only if y € {3/ | A < min Suffiz(y')}. Let M = {y/ | A < min< Suffiz(y')}.

Firstly, we compare AP with the suffixes x of w shorter than A7, and show that A’y < xy
holds for any y € M. Such suffixes x are divided into two groups: (1) If z is of form \* for any
integer 1 < k < p, then N’y < Ay = xy < y holds for any v = \; (2) If x is not of form \*,
then since A is border-free, A is not a prefix of x, and x is not a prefix of A, either. Thus A <z
holds, implying that APy < xy for any y.

Secondly, we compare NP with the suffixes x of w longer than A\?, and show that \?y < xy
holds for some y € M. Since A = min Suffiz(w) and |z| > |A?|, x = A’ holds. If z > AP, then
Ny < xy. Let z = Aus.t. ¢ > p is the maximum integer such that \* is a prefix of z, and
u € XF. By definition, A < u and \ is not a prefix of u. Choosing y = \*~Pu/ with v/ < u, we
have \Py = M/ < Neu = o < ay.

Hence, \? € LFCand(w) and no shorter strings exist in LF'Cand(w). O

By Lemma 14 and Lemma 18, computing the last Lyndon factor \¢» of T" = wval(X,)
reduces to computing LFCand(X,,) for the last variable X,,. In what follows, we propose a
dynamic programming algorithm to compute LFCand(X;) for each variable. Firstly we show

the number of strings in LFCand(X;) is O(log N'), where N = |val(X,,)| = |T.
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Lemma 19. For any string w, let x; be the jth shortest string of LFCand(w). Then,
2|z;| for any 1 < j < |LFCand(w)|.

Tj1| >

Proof. Assume on the contrary that |z;1| < 2|z;|. If |z;41| = 2|z, then 2,41 = x;x;. There
are two cases to consider: (1) If z;y < y, then z;.,y < x;y. (2) Otherwise, y < z;y. It
means that min_{x; 1y, y} < z,y for any y, however, this contradicts that x; € LFCand(w).
If |z;11] < 2|z;|, by Lemma 17, z; is a prefix of ;, and therefore x; has a period ¢ such that

#=1y, where u = x;[1..q], k > 11is an integer, and v is a proper prefix of

ri =ufvandz; = u
u. There are two cases to consider: (1) If uvy < vy, then u*vy < uf~loy = x;y. (2) If vy <
uvy, then vy < wvy < v?vy < --- < uF~toy = z;y. It means that min {u vy, vy} < z;y for

any y > A, however, this contradicts that x; € LFCand(w). Hence |x;11| > 2|z;| holds. [

Since z; is a suffix of x4, it follows from Lemma 17 and Lemma 19 that x;,, = ztx; with
some non-empty string ¢ € X*. This also implies that the number of strings in LFCand(w)
is O(log N), where N is the length of 7. By identifying each suffix of LFCand(X;) with
its length, and using Lemma 19, LFCand(X;) for all variables can be stored in a total of
O(nlog N) space.

The following lemma shows a dynamic programming approach to compute LF'Cand(X;)
for each variable X;. We will mean by a sorted list of LFCand(X;) the list of the elements of
LFCand(X;) sorted in increasing order of length.

Lemma 20. Let X; = X, X, be any production of a given SLP S of size n. Provided that sorted
lists for LFCand(X;) and LFCand(X,) are already computed, a sorted list for LFCand(X;)
can be computed in O(P(n, N) + Q(n, N)log N) time and O(S(n, N) + log N) space.

Proof. Let D; be a sorted list of the suffixes of X; that are candidates for LFCand(X;). We
initially set D; <— LFCand(X,).

We process the elements of LFCand(X;) in increasing order of length. Let = be any string
in LFCand(X;), and d be the longest string in D;. Since any string of LFCand(X,) is a prefix
of d by Lemma 17, in order to compute LFCand(X;) it suffices to lexicographically compare
x - val(X,) and d. Let L = lep(z - val(X,), d)). See also Figure 4.1.

o If (z-val(X,))[L+1] < d[L+1],then z-val(X,) < d. Since any string in D; is a prefix
of d by Lemma 17, we observe that any element in D; that is longer than L cannot be an
element of LFCand(X;). Hence we delete any element of D; that is longer than L from
D;, then add x - val(X,) to D;, and update d < x - val(X,). See also Figure 4.2.
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| X Val(Xr) |

L
LFCand(x) [ ]

L
I:I D, = LFCand(X,)

| d |

Figure 4.1: Lemma 20: Initially D; = LFCand(X,) and L = lcp(x - val(X,), d) with = being
the shortest string of LFCand(X)).

‘Xi
X, X,
o val(,) |
—_—
I []
« L 5D
| |
| B d |
—_—
L

Figure 4.2: Lemma 20: Case where (z - val(X,))[L + 1] = a < d[L + 1] = (. d and any string
in D; that is longer than L are deleted from D;. Then z - val(X,) becomes the longest candidate
in Dz

o If (z - wal(X,))[L + 1] = d[L + 1], then z - val(X,.) > d. Since x - val(X,) cannot be an
element of LFCand(X;), in this case neither D; nor d is updated. See also Figure 4.3.

e If L =|d|,i.e., dis aprefix of x - val(X,), then there are two sub-cases:

1

- If |z - val(X,)| < 2|d|, d has a period ¢ such that z - val(X,) = v*v and d = u*~1v,
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x (ot val(y) |

Figure 4.3: Lemma 20: Case where (z - val(X,))[L + 1] = o > d[L + 1] = (. There are no
updates on D);.

where u = d[1..q], k > 1 is an integer, and v is a proper prefix of u. By similar
arguments to Lemma 19, we observe that d cannot be a member of LFCand(X;)
while x - val(X,) may be a member of LFCand(X;). Thus we add x - val(X,) to
D;, delete d from D;, and update d < x - val(X,). See also Figure 4.4.

X.

1

Vv

v

Figure 4.4: Lemma 20: Case where L = |d| and |z - val(X,)| < 2|d|. Since z - val(X,) = u*v
and d = u*~1v, d is deleted from D; and z - val(X,) is added to D;.

- If |z-val(X,)| > 2|d|, then both d and z-val( X, ) may be a member of LFCand(X;).
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Thus we add z - val(X,) to D;, and update d < z - val(X,). See also Figure 4.5.

X val(X,) |

v

v

L

Figure 4.5: Lemma 20: Case where L = |d| and |z - val(X,)| > 2|d|. We add z - val(X,) to
D;, and z - val(X,) becomes the longest member of D,.

We represent the strings in LFCand(X;), LFCand(X,), LFCand(X;), and D; by their lengths.
Given sorted lists of LFCand(X;) and LFCand(X,), the above algorithm computes a sorted
list for D;, and it follows from Lemma 19 that the number of elements in D; is always O(log V).
Thus all the above operations on D; can be conducted in O(log N) time in each step.

By using LCE queries on SLPs, lcp(z - val(X,),d) can be computed in O(Q(n, N)) time
for each + € LFCand(X;). Since there exist O(log N) elements in LFCand(X;), we can
compute LFCand(X;) in O(P(n,N) + Q(n, N)log N) time. The total space complexity is
O(S(n,N)+log N). O

Since there are n productions in a given SLP, using Lemma 20 we can compute LFCand(X,,)
for the last variable X, in a total of O(n(P(n, N) + Q(n, N)log N)) time. The main result of
this chapter follows.

Theorem 6. Given an SLP S of size n representing a string T, we can compute LFr in
O(nh(P(n,N) + Q(n, N)log N) + n3h) time and O(n? + S(n, N)) space, where h is the
height of the derivation tree of S.

Proof. Let LFp = A" --- A~ First, using Lemma 20 we compute LF'Cand for all variables
inSin O(n(P(n,N) + Q(n,N)log N)) time. Next we will compute the Lyndon factors from

right to left. Suppose that we have already computed /\jff -+ A¢m_and we are computing the
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jth Lyndon factor \’. Using Lemma 15, we construct in O(n) time a new SLP of size O(n)
describing T'[1..|T| — >}, | ex|Ax[], which is the prefix of T" obtained by removing the suffix
)\;ﬁf -+« A¢m from T. Here we note that the new SLP actually has O(h) new variables since
T[L.|T|=>4% 41 ex|Ax] can be represented by a sequence of O(h) variables in S. Let Y be the
last variable of the new SLP. Since LFCand for all variables in S have already been computed,
it is enough to compute LFCand for O(h) new variables. Hence using Lemma 20, we compute
asorted list of LFCand(Y') = LFCand(T[1..|T|=320", exAx]]) inatotal of O(h(P(n, N)+
Q(n, N)log N)) time. It follows from Lemma 18 that the shortest element of LFCand(Y') is
)\?, the jth Lyndon factor of 7. Note that each string in LFCand(Y') is represented by its
length, and so far we only know the total length e;|\;| of the jth Lyndon factor. Since ), is
border free, |);| is the shortest period of A’. We construct a new SLP of size O(n) describing
A}, and compute |); | in O(n?h) time using Lemma 16. We repeat the above procedure m times
and use an inequality m < n by [61] (see also Chapter 5), and hence LF'r can be computed
in a total of O(n(P(n,N) + Q(n,N)log N) + m(h(P(n,N) + Q(n, N)log N) + n’h)) =
O(nh(P(n,N) + Q(n, N)log N) + n3h) time. To compute each Lyndon factor of LF, we
need O(n? + S(n, N)) space for Lemma 16 and Lemma 20. Since LFCand(X;) for each
variable X; requires O(log N) space, the total space complexity is O(n?+S(n, N)+nlog N) =
O(n? 4+ S(n, N)). O

Using Lemma 3 we can obtain the following corollary:

Corollary 3. Given an SLP of size n representing string I’ of length N, we can compute LF' 1
in O(n3h) time and O(n?) space.

4.2 Conclusions

In this chapter, we developed a Lyndon factorization algorithm for a grammar compressed
string. We can compute the Lyndon factorization of a string which is represented by an SLP in
O(nh(P(n,N)+ Q(n, N)log N) + n3h) time and O(n?* + S(n, N)) space, where n is the size
of an input SLP S, N is the length of the string derived by S, h is the height of the derivation
tree of S, and P(n, N), S(n, N) and Q(n, N) are the preprocessing time, space and query time
of an LCE data structure, respectively. Our algorithm computes the smallest suffix of a string. If

we want the Lyndon factorization of a string, we only have to use the algorithm recursively. Our
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algorithm is faster than Duval’s algorithm (for an uncompressed string) when the input string is
highly compressed.
We consider the same problem in the next chapter. Our future works for the problem will

state in the next chapter.

38



Chapter 5

Faster Lyndon Factorization Algorithms
for Compressed Texts

In this chapter, we propose a faster Lyndon factorization algorithms for an SLP. We also propose
a Lyndon factorization algorithm for an LZ78 compressed strings. This chapter is organized as
follows: In Section 5.1, we give additional notation for this chapter. In Section 5.2, we show
useful properties on strings and Lyndon words. In Section 5.3 and 5.4, we present Lyndon
factorization algorithms for an SLP compressed string and an LZ78 compressed string, respec-

tively.

5.1 Notation

For any string 7', let LF'7 = A{* - - - Al Let Ifb,(i) denote the position where the i-th Lyndon
factor begins in T, i.e., ifb;(1) = 1 and ifby (i) = Ifop(i — 1) + |AP'| for any 2 < i < m. For
any 1 < ¢ < m, let Ifsp(i) = NN - XPmoand Ifpy (i) = APPAB? - - - AP, For convenience,

i+1
let ifsp(m+ 1) = Ifpp(0) = e.

5.2 Properties of Strings and Lyndon Words

In this section, we introduce some fundamental properties of strings and Lyndon words which

will be used in our algorithms.

Lemma 21. Letu € X" and v € ©*. If v < u™, thenv < u'v < u?v < ... holds. If v = u®™,
then v = u*v = u?v = ... holds.
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Proof. We only show the former statement, as the latter can be shown similarly. It suffices to
show v < wuw, since then for any positive integer k, u*v < u**1v holds. If v < wu, then clearly
v < uv. If v > w, then let z = lep(v, u™). Since u < v < u™, |x| > |u| holds. Let j be the
maximum integer such that v/ is a prefix of z, and let v = w/w. Since v < u*°, we have w < u,

and therefore v = w/w < /' < w/tlw = ww. O
Lemma 22 ([30]). Forany 1 < <m, LFr = LF 5 iy LF s (i11)-

The following lemmas are essentially the same as what Duval’s algorithm is founded on but

are tailored for explaining our algorithm.

Lemma 23. Let j > 1 be any position of a string T such that T < T[i..|T|] forany 1 < i < j.
Then, T < T'[k..|T|] also holds for any j < k < j + lep(T,T[j..|T)).

Proof. Let h = lep(T,T[j..|T|]). There are two cases:

e Whenj > h+1: Since ' < T'[j..|T|], T|h+1] < T[j+h]. Hence, T' < T[k—j+1..|T|] <
T[k..|T|] holds forany j < k < j + lep(T,T[j..|T|])-

o Whenj < h+1: Since T = T[L.A|T[h+1..|T|] < T[j..|T|] = T|j..j+h—1T[j+h.|T]],
we have that T'[h + 1] < T'[j + h]. Noting that T'[1..j + h — 1] has period ¢ = j — 1, we
have that T'[k..j+h—1|=Tk—-q.j+h—q—1]=---=Tli.i+j+h—k—1]and
thus Tk..j+h] =Tk —q.j+h—q]=---=T[i.i+j+ h— k] where i = k — pq,
p > 1,1 < i < j. The lemma follows since 7" < T'[i..|T'|].

]

Lemma 24. It holds that | \;| = j—1and p; = 1+|h/|\|], where j = min{j | w > T[;..|T[]}
and h = lep(T, T[j..|T|)).

Proof. Forany 1 < k < j — 1, let hy = lep(T, T[k..|T|]). By definition of j we have T <
T[k..|T|], and also k+hy, < j—1 due to Lemma 23. Thus, T'[hy+1..j—1] < T[k+hy..j—1] and
therefore T'[1..7 —1] = T[L..hy|T[hy+1..j —1] < Tlk..k+hy—1)T[k+hg..j—1] = T[k..7—1],
forall 1 <k < j—1, indicating that M =T [1j — 1] is a Lyndon word. Next, suppose that

there exists a Lyndon word A\ = T'[1..|A|] such that |\| > |A;|. By definition of j and h, either
J+h=n+1orT[1+ h] = T[] + h], thus, A must be a prefix of T[1..] + h — 1]. However,
since T'[1..h] = T[j..j + h — 1], X has period | \;| and thus is not border-free, contradicting that
A is a Lyndon word. Hence, from Lemma 2, A o= Ap Ttis easy to see that p; = 1 + UAL/|)\1H,

and the lemma follows. ]
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Thus, computing the first Lyndon factor reduces to computing ; and h. From a definition of

Lyndon words and Lemma 24, the following lemma holds.

Lemma 25. Forany 1 <i<mand1 < j <lfor(i), T[j..|T|] = lfsy (7).

5.3 Computing Lyndon Factorization from SLP

Here, we present a faster algorithm to compute Lyndon factorization of a string represented by
an SLP. Our algorithm employs the following lemma which is used in parallel algorithms to
compute Lyndon factorization of an uncompressed string. Below, let LF,, = u" - --uP™ and

— N1 Am!
LF, =" foru,v € X7,

Lemma 26 ([1, 26]). LF,, = u}* ... ut2"0% . oM for some 0 <c<m,1<d <m'+1

and LF s, c+1)ifp, (e -1) = 2"

This lemma implies that we can obtain LF',, from LF', and LF', by computing the medial

Lyndon factor z* since the other Lyndon factors remain unchanged in uv, see Figure 5.1.

Figure 5.1: This is a conceptual diagram of Lemma 26.

5.3.1 How to compute the medial Lyndon factor z*

Unfortunately, the algorithm for computing z* given in the proof of Theorem 2.2 of [26], ap-
pears to be incorrect.
Here is a counter example: Consider two strings © = abc|abbblab and v = bcc|be|blabe]|

abb|ab

a, where | denotes the boundary of Lyndon factors. To compute the Lyndon factorization

of uv, the right-extension procedure of [26] extends the last Lyndon factor ab of u to the right,
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and obtains string abbccbcbabcabb. Then, the left-extension procedure extends this string to
the left, and obtains string y = abbbabbccbcbabcabb. Theorem 2.2 of [26] claims that this
string y must be the medial Lyndon factor of uv that crosses the boundary of « and v, but clearly
y is not a Lyndon word.

In the sequel, we present several combinatorial properties from which a correct and efficient
algorithm to compute the medial Lyndon factor 2* follows.

Let 7, be the minimum integer such that [fs, (i + 1) is a prefix of w; forany v, < i < m

(see also Example 5).
Lemma 27. Forany 1 < j <, u; > lfs, (7 + 1).

Proof. Since we have Ifs, (j) > Ifs,(j + 1) from Lemma 25, we only have to show that
lep(uj, ifs, (7 + 1)) < min{|u;l, |Ifs, (7 + 1)|}. Note that u; is not a prefix of Ifs,(j + 1) since
otherwise the j-th Lyndon factor should extend to the right with at least another occurrence
of u;. It follows from the definition of v, that Ifs,(v,) is not a prefix of w,,_;, and hence
Uy, —1 > Ufs,(7,) holds. If we assume on the contrary that Ifs,(j + 1) is a prefix of u; for some
1 < j < v — 1, since Ifs,(v.) appears before the (v, — 1)-th Lyndon factor, there exists a
suffix ufi..|ul] = Ifs,(v.)z of u with i < Ifb, (v, — 1). It follows from w., 1 > Ifs,(7,) that
uli..|u|] = Ufs, (Yu) 2z <y, —1 < Ifs, (7, — 1), which contradicts Lemma 25. O

We define the set of significant suffixes I', of was I'y, = {Ifs, (i) | 7 < i < m}. Itis clear
from the definition of Lyndon factorization and ~,, that for any v, < i < m, u; = Ifs,(i+1)y; for
some non-empty string y;. Let z; denote the suffix of u of length |u;|. Note that z; = y;{fs, (i+1)
and Ifs, (1) = ul*lfs, (1 + 1) = (Ifs,,(i + Dy;)Pilfs, (0 + 1) = Ifs, (i + 1)zt

Example 5. [f u = ababbabababbababa, then LF', = ababblabababblababla. Thus v, = 2
and I, = {abababbababa, ababa,a}. Also, y» = bb, y3 = bab, y4 = a, 3 = bbababa,

T3 = baba and x4 = a.

Lemma 28. For any string u, |I',| = O(log |u|).

Proof. Straightforward, since |ifs,(¢)| > 2|ifs, (i + 1)| for any v, < i < m. O

Lemma 29. For any v, <1 <m, y; > 133 ,.
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Proof. Since u; = Ifs,(i + Vy; = (Ifs, (i + 2)yi1)P Ufs, (0 + 2)y;, if we assume that
yi = 20 1|yl = (i lfs, (i 42))>°[1..|y;|] we get a contradiction that u, has period |Ifs,, (i +
2)yit1]. Also, if y; < 229, [1..|yil], wiga [1 4 |Ufs, (i 4+ 2)Yia|--|wit1]] < wig1 holds, a contradic-
tion. [

From Lemma 29, we get x5°_| > Yy, > T3 1 = Yy1 = = = Ty = Ymo1 = Tp) =
uy,, where we assume for convenience that x5’ _; = w®™ (w is the lexicographically largest
character in XJ).

Now let us see what happens to the lexicographical order of suffixes of « when extending

them by appending v.
Lemma 30. If sv = min_{s'v | ' € Suffix(u)}, then s € T,,.
Proof. We show for any s € (Suffiz(u) — I'y), sv # min_{s'v | s € Suffiz(u)}.

o If s # uflfs, (i + 1) with 1 < k < p;, namely, s = tullfs,(i + 1) with 1 < i < m and
0 <r < p,;, where t is a proper suffix of u;. It follows from the definition of Lyndon word

t > u;, and hence, sv # min_{s'v | s € Suffix(u)}.

o If s = ufifs,(i + 1) with 1 < k < p;. From Lemma 21, sv = min_{ullfs,(i +
v, u*ifs, (i + 1)v}. Therefore, sv # min_{s'v | s’ € Suffiz(u)}.

o If s = Ifs, (i) ¢ I',. From Lemma 27, s> Ifs, (i + 1). Therefore, sv ¢ min_{s'v | s’ €

O

Lemma 31. If 2, = v > 2° with vy, < i < m, Ifs,(i)v = min_{sv | s € Suffiz(u)}, and
sy (Vv = -+ = Ifs, (i — L)v = Ifs,(i)v < Ifs,(i + 1)v < --- < Ifs,(m + 1)v holds.

Proof. By Lemma 27, Ifs, (L)v > ... > Ifs, (v — 1)v > uy,v. By Lemma 29, 25° = v and
also Ifs,(j + 1)z° = u5® = Ifs,(j + 1)v hold for any v, < j < i, and hence, it follows
from Lemma 21 that Ifs,,(j)v = u}’Ifs,(j + 1)v > Ifs,(j + 1)v. Also, since v > x5 for any
i <7 <m,lfs,(7)v < Ifs,(j'+ 1)v holds. Therefore, we get Ifs, (1)v > -+ = Ifs, (i —1)v >
Ufs, (i)v < Ifs, (i + 1)v < -+ < Ifs,(m)v holds. It is clear from Lemma 30 that Ifs, (i)v is the

lexicographically smallest string in {sv | s € Suffiz(u)}. O

We can compute the medial Lyndon factor as follows:
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Lemma 32. Given LF,, = u}" ---ulr and LF, = v - -0 for u,v € ¥F, we can compute

LF = ult - ube kol - o™ by O(logm + log m') lexicographical string comparisons.

Proof. Clearly, it holds that LF',, = LF,LF, if u,, > vy, and that LF,, = u}* - - - /" yPm a1

ve v if u,, = vi. In what follows we consider the case when u,, < v;. Note that v > uS®
holds in this situation.

First, we compute integer j such that 1 < j < m + 1 and Ifs,(j)v = ming{sv | s €
Suffiz(u)}. From Lemma 31, for any 1 < i < m, j < ¢ iff Ifs,(i)v < Ifs,(¢ + 1)v. Hence
we can find j by binary search which requires O(logm) lexicographical string comparisons.
Next, we compute j' = min{j” | 1 < 5" < m/,Ifs, (j)v = Ifs,(j” + 1)}. Since Ifs (1) >
Ufs,(2) = ... > Ifs,(m' + 1), ' can be found by O(log m') lexicographical string comparisons
with binary search.

We show z = Ifs,(7)ifp,(j’) is the first decomposed Lyndon factor of ifs,(j)v. By defini-
tion of j, for any position ¢ with Ifb,(j) < i < |ul, Ifs,(j)v < (uwv)[i..|uv|]. Since Ifs,(j)v <
Ifs,(j), it follows from Lemma 25 that for any |u| < i < |u| + Ifb, ("), Ifs, (7)v < Ifs,(j") <
(wv)i..Juv|]. Next we show v is not a prefix of [fs,(j)v. Assume on the contrary that
Ifs,(j)v = v;t. The beginning position of ¢ in uv is at most |u| 4 Ifb,(j’) since the occurrences
of v; cannot overlap, and hence Ifs,(j)v < t. Since Ifs,(j)v = vyt < Ifs,(5'), Ufs,(j)v <
t =< v?f/fllfsv(j’ + 1). Applying this deduction g;s times, we get Ifs, (j)v < t < lfs,(j' + 1), a
contradiction. Thus, Ifs, (j)v<vj = (uv)[i..|uv|] for any |u| + Ifb,(j') < i < |u|+fb, (5 +1).
Since |u| + Ifb,(j" + 1) is the first position where the suffix becomes lexicographically smaller
than Ifs, (j)v, the claim follows from Lemma 24.

Finally, we show u;_; = z. Assume on the contrary that u;_; < z. By Lemma 1 u;_;zisa
Lyndon word, which implies w;_; z<z. This contradicts Ifs,(j)v = min_{s'v | s € Suffix(u)}
due to u;_1lfs,(7)v < ifs,(j)v.

The above procedure correctly computes the decomposed Lyndon factorization of wv. The
exponent of z can be computed by checking if u; = z and/or uj; = 2 and packing them

together if needed. Hence the total number of lexicographical string comparisons is O(log m +

logm’). O

5.3.2 Algorithm

Given an SLP S of size n, we process each production X; — X; X, in increasing order of 7, and

compute LF'y, from LF'x, and LF'x, using dynamic programming. We use Lemma 32 to com-
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pute the medial Lyndon factor for each variable X;. In the final stage where © = n, we obtain
the Lyndon factorization LIy, = LF'p for the uncompressed string 7". Using Lemma 32, LF'x,
can be computed by O(log m; + log m,.) string comparisons, where m; and m,. are respectively
the number of Lyndon factors in LF'x, and LF'y, .

In order to bound the size of the Lyndon factorization for SLPs we can show the following

lemma.

Lemma 33. Let n be the size of any SLP representing a string I'. The size m of the Lyndon

factorization of 'T' is at most n.

Proof. It follows from Lemma 26 that every production introduces at most one new Lyndon
factor, that is, the medial Lyndon factor. Hence LF'r consists of at most n distinct Lyndon

words. Since all Lyndon factors in LF' are distinct, the statement holds. OJ

We are ready to show the main result of this section.

Theorem 7. Given an SLP of size n representing string T of length N, we can compute LF'r
in O(n®> + P(n, N) + Q(n, N)nlogn) time and O(n* + S(n, N)) space.

Proof. By Lemmas 32, 33 and an LCE data structure, for each production X; — X; X, we can
compute LF y, in O(Q(n, N)logn) time, provided that LF x, and LF x, are already computed.
Using a dynamic programming method, this takes a total of O(Q(n, N)nlogn) time. The
space complexity for this dynamic programming is O(n?) since for each variable X; we have
to store at most n beginning positions of the Lyndon factors of X;. Putting these and the pre-
processing costs of an LCE data structure together, we conclude that our algorithm takes a total
of O(n* + P(n,N) + Q(n, N)nlogn) time and O(n? + S(n, N)) space. O
Using Lemma 3 we can obtain the following corollary:

Corollary 4. Given an SLP of size n representing string 'T' of length N, we can compute LF 1
in O(n? + nlognlog N) time and O(n?) space.

Lemma 34. We can pre-process, in O(n* + P(n,N) + Q(n, N)nlogn) time and O(n* +
S(n, N)) space, an SLP of size n and height h describing string T of length N so that the

following query can be answered in O(h(n+ Q(n, N)logn)) time: given an interval |b, e] with
1 <b<e< N, compute LF7} .

By Lemma 34, we can compute the Lyndon factorization of a query substring of 7', without
decompression. Lemma 34 is more efficient than applying Theorem 7 to an SLP describing

substring T'[b..€].
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5.4 Computing Lyndon Factorization from LZ78

In this section, we show how, given an LZ78 encoding of string 7', we compute the Lyndon
factorization LFr = A*---XPm of T. At a high level, our algorithm is based on Duval’s
algorithm [30] which computes the Lyndon factorization of a given string 7" of length N in
O(N) time by scanning 7" from left to right.

From Lemma 23 and Lemma 24, we can compute the first Lyndon factor by initializing
Jj « 2 and executing the following: 1) compute h < lep(T,T[j..|T|]). 2)if T[1+h]| < T[j+h],
set j <— j+h+1 and go back to Step 1); otherwise, output |A\;| <= j—1and p; < 1+ |h/|\]].

Let j and h denote the last values of j and h, respectively. Duval’s algorithm computes
h < lep(T,T[j..|T|]) by character comparisons, and it takes a total of O(j + h) time. Note
O(j 4 h) = O(|M\1|p1) since J + h < |A1|p1 + |A1]. By Lemma 22, we can compute the second
Lyndon factor by executing the above procedure with the remaining string 7'[1+|\1|p;..|T|]. By
applying this recursively, the Lyndon factorization of 7" can be computed in O(>_" | [\i|p;) =
O(|T)) time.

In Section 5.4.3, we show how to simulate, in O(s log s) time and space, the above algorithm

on the LZ78 encoding of size s. The key ideas to achieve this are summarized as follows:

e Let us call a substring of an LZ78 factor LZ-block. After pre-processing L.Z78 factors
in O(s) time, we can check, given two equivalent-length LZ-blocks, if they are the same

string or not in constant time (see Section 5.4.1).

e A major difference between our algorithm and Duval’s lies in how we reset j when T'[1 +
h] < T[j + h] happens. While Duval’s algorithm sets j < j + h + 1, our algorithm
skips some positions by utilizing the fact that the LZ78 factor f} appears before, where
T[j + h] is in the i-th LZ78 factor with the form f; = fya (see Section 5.4.2).

e We can represent 7" by a sequence of LZ-blocks (trivially by LZ78 factorization itself).
During the computation, our algorithm occasionally finds consecutive LZ-blocks that can
be replaced by a single LZ-block, and greedily restructure it. The restructuring shrinks
the number of LZ-blocks involved in the future LZ-block wise matching, and makes our
analysis possible. This kind of technique has been employed in efficient algorithms on

LZ78-compressed strings [41, 45, 2].
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5.4.1 LZ-block wise matching

Given the LZ78 encoding of size s corresponding to a string 7', we can build the LZ78 trie
LZtrier in O(s) time. For any LZ78 factor v, let v denote the corresponding node of LZtrier.

We use the following data structures LAQ and LCS:

Lemma 35 (Level Ancestor Query (LAQ) [7]). We can pre-process a given rooted tree in linear
time and space so that the i-th node in the path from any node to the root can be found in O(1)

time for any 1 > 0, if such exists.

The suffix tree of a reversed trie can be constructed in linear time [85]. Combined with the

constant-time LCA data structure [7], we obtain the following:

Lemma 36 (Longest Common Suffix (LCS)). We can pre-process a given trie in linear time
and space so that the length of the longest common suffix of any two strings in the trie can be

answered in O(1) time.

Using LAQ), given a node v of the LZ78 trie LZtrier, we can access any position of the
corresponding LZ78 factor v in O(1) time.

Let u be an LZ-block, i.e., a substring of some LZ78 factor of 7". Since any node of LZtrier
corresponds to an LZ78 factor, there exists at least one node v of the trie s.t. u is a suffix of v.
Such node @ is called a handler of u. Then u can be represented by a pair (7, |u|), in constant
space. Let p(u) and p(u) denote a handler of u and its corresponding LZ78 factor, respectively.
For any LZ-block v and 1 < ¢ < j < |ul, uli..j] is also an LZ-block and its handler can be
computed from p(u) in O(1) time by using LAQ), i.e., when we write v <— u[i..j], it means we
compute p(u') as the (Ju| — j)-th ancestor of p(u). Using LCS, we can check the equality of
two given LZ-blocks u and v’ of the same length in O(1) time. lcp(u,u’) can be computed in

O(log |u]) time by a binary search and finding the position where the first mismatch occurs.

5.4.2 Skipping insignificant suffixes that appear before

We use the following Lemma.

Lemma 37. Let T be non-empty string such that T = xvyvz withv € X1 and x,y,z € X*. If
|lzvy| < ifor(k) < |xvyv| for some k, then lfbp (k) € {|zvy| + Ifo,(j) | 7o < 7 < m'}, where

LF, = o8 ..y,

m/
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Proof. By Lemma 26, [fb;(k) € {|zvy| + Ifb,(j) | 1 < 7 < m'}. On the contrary, assume
o, (k) = |zvy| + Ufb,(j) with j < ~,. By Lemma 27, Ifs,(j) > Ifs,(y,) and T[|zvy| +
ifo,(5)..|T|] > T|[|x| + Ufb,(vs).-|T]], a contradiction due to Lemma 25. O

Thanks to Lemma 37, when a string u appears multiple times without overlapping, we can
utilize I',, to skip some suffix comparisons of Duval’s algorithm.

Also, we can compute [, for all LZ78 factors u efficiently.

Lemma 38. Given the LZ78 encoding of size s of a string T, we can compute Iy, for all LZ78
factors fi, 1 < k < s, in a total of O(slog s) time and space.

Proof. It follows from | f;| < s and Lemma 28 that |I'f, | = O(logs) forany 1 < k£ < s. We
consider an LZ78 factor f, = fra, where 1 < h < k < sand a € ¥, and show how to compute
LFlfok (vs,) from LFlfoh (vs,) 1D O(log s) time.

Note that LF'y, = LFy, 7 1) LFy,

Yf, = 7Vf.» and hence, we do not need the information of L[, £ (i —1) to compute LF' £

5 (v, )a holds from Lemmas 32 and 27. Moreover
h h

Yin
Vi)
We can use a simplified version of the algorithm of Lemma 32 to compute Lyndon factorization
of Ifs, (7y,)a by O(loglog s) lexicographical string comparisons. Since Ifs;, (j) is a proper
prefix of Ifs;, (i) for any 7y, < i < i’ < m, it suffices to compare Ifs, (7)[|lfs;, (¢')| + 1] and
a in order to compare [fs, (7)a and Ifs, (i')a, which can be done in O(1) time by using a data
structure of LAQ (see Lemma 35). Let LF = '~ aPn. Since m = O(log s), we
from LF by

L
711 is not a prefix

sl

use O(log s) time and space to store L'y a- Next we get LF'

discarding 21" . .. x?j of LF £ (rp)as where j is the largest integer such that x
of z;. Such j can be found by binary search, requiring O(loglog s) string comparisons. Again
each comparison can be done in O(1) time by using the fact that fs, (j) is a proper prefix of
Ifs, (i) forany vy, < i <i <m.

Hence we can compute I';, for all LZ78 factors f; in a total of O(slog s) time and space.

]

5.4.3 Algorithm

Any substring of 7' can be represented by a sequence of LZ-blocks. Our algorithm to compute
the first Lyndon factor of 7" maintains a sequence of LZ-blocks representing 7' by a dynamic
linked list K, which is initially set to the LZ78 factorization of 7' itself but is restructured

during the computation. After computing the leftmost Lyndon factor, we will also modify K
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Algorithm 4: Algorithm to compute the first Lyndon factor.

Input: The linked list of LZ-blocks K initialized to the sequence of the LZ78 factors of
T.
Output: The first Lyndon factor \}* of str.
// Variables wu,u,v,v',x and y are LZ-blocks and manipulated
via handlers.
1 u < K.first; v < uf2..|ul];
2 ¢, < 0;¢, 0
37 2,h<«0;
4 while true do

5 if u = ¢ then u < next(u);
6 if v = ¢ then v < next(v);
7 if v is an LZ78 factor which is used for the first time then
8 x < K first; y + K.second;
9 v" < the longest member in I', U {e} s.t. (zy)[1..|]v'|] = 0;
10 if || + 1 = |v/| then
11 L restructure the first LZ-block to be v/, and reset u and/or v if needed;
12 | d< min{|ul,|v|};
13 | v u[l.d;u+ uld+ 1. |ul];
14 v o[l.d]; v vld+ 1..]v|];
15 if v = v’ then
16 h < h+d;
17 if u=-¢& c, > 2then
18 L restructure the last two LZ-blocks before u to be a single LZ-block;
19 ifv=¢& c, > 2then
20 L restructure the last two LZ-blocks before v to be a single LZ-block;
21 ifu=c&v=cthen ¢, + 1;¢, < 1;
22 else if u = cthen ¢, «+ ¢, + 1;¢, « 0;
23 else if v =e¢then ¢, < ¢, +1;¢, < 0;
24 else
25 h' < lep(u',v');
26 if u'[1 + A'] = v'[1 + h'] then h < h + h/; break;
// Below u[l+h]<v[l+h]. Reset j by Lemma 37.
27 Cy — 0;¢c, < 0
28 r + K first;
29 v’ < the longest member in Iy _jy—1) U {} s.t. z[1..]v'|] = 0';
30 j < the position in str; where the v’ begins if v # ¢, the position where the v
ends otherwise;
31 h < [V u + x[1 + h..|z|]; v < v[|v]];

32 output |\ | < j—landp; < 1+ |h/|\]];

[
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to represent the remaining suffix of 7" in order to compute the remaining Lyndon factors. Let
str denote the string represented by K. For any positions i < j of strg, let #x|i, j| denote
the number of LZ-blocks used to represent strg[i..j].

A pseudo-code of our algorithm is shown in Algorithm 4, which simulates Duval’s algorithm
to compute the first Lyndon factor of 7" on K.

The algorithm initializes j <— 2 and h < 0, then starts with computing lep (T, T[j..|T]).
Here, variables v and v are used for showing LZ-blocks which describe prefixes of 7'[1+h..|T|]
and T'[j + h..|T|], respectively, where variable h shows that currently 7°[1..h] and T'[j..j +h —1]
match. We can see at Lines 12-16 that the algorithm computes lcp (7T, T[j..|T’|]) by block-to-
block comparisons, namely, the prefixes of length d = min{|u|, |v|} of u and v are cut out to
LZ-blocks u' and v’, and compared at Line 15. If v/ = v/, we set h < h + d and continue
matching the following LZ-blocks.

When we face LZ-blocks ' and v’ that have a mismatch, we compute i’ < lep(u/, v") by
binary search at Line 25. At this moment h < h + k' is equal to lep(T,T[j..|T|]), and T and
T[j..|T|] mismatch with «'[1 4+ A’] and v'[1 + A/]. If W/[1 + R'] > ¢'[1 + K], we have done the
computation as Duval’s algorithm does.

When we reset j after «/[1 + h'] < v'[1 + h'] happens, we skip some positions by utilizing
L1 joj—1) in light of Lemma 37. Let f; = fyv[|v|] = p(v), i.e., we are processing the i-th LZ78
factor. Since fj is an LZ78 factor appearing before f;, we can use Lemma 37, i.e., we only
have to consider the positions where significant suffixes of f; begin. Moreover, at Lines 8-11
we have maintained the first LZ-block x of K to be the longest member in Uif:1 [y, that is
also a prefix of 7'. Since z[1..|v'|] < ¢ for any v € I'y,, we can notice that z[1..|v|] < v if
x[1..|v'|] # ', and hence we are able to skip such positions. Then we set j to be the beginning
position of the longest member v" € I'y, with z[1..|v'|] = ¢’ if such exists, otherwise the ending
position of v, and restart suffix competition.

As for the maintenance of the first LZ-block of K at Lines 8-11, since any LZ78 factor has
form f; = frawith1 < k <i < sand a € Y, the length of the longest member in Uz:,:l L'y,
that is also a prefix of 7" increases at most one when processing the new LZ78 factor. Hence the
procedures at Lines 8-11 works fine as far as the first LZ-block has maintained properly.

The following is the main theorem of this section.

Theorem 8. Given the LZ78 encoding of size s for string T, we can compute LF 7 in O(slog s)

time and space.
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Proof. We compute the Lyndon factorization of 7" from left to right using Algorithm 4 recur-
sively. We pre-process in O(s) time and space for data structures LAQ and LCS on LZtrier.
We also compute ', for all LZ78 factors f; in O(slog s) time and space by Lemma 38.

During the whole computation, for any LZ78 factor f; we execute Lines 8-11 just once.
Since |I'f,| = O(log s) it takes in total of O(slog s) time. In what follows, we consider the cost
other than that comes from Lines 7-11.

Let K; denote the linked list of the sequence of the LZ78 factors of 7. We show that
Algorithm 4 computes, given Kj, the first Lyndon factor of 7" in O(u; log s + 71) time, where
71 and hy are respectively the last values of j and h when algorithm halts, and p; = #x, [1, jl]
and 1y = #x,[1, 1 + ).

Firstly, let us estimate the total cost for the if-control of Line 15. Let ¢, ¢ and t” be the
numbers we execute Lines 21, 22 and 23, respectively. When we enter the if-control, any one of
them must be executed. Here note that next(v) is executed at most 77;. Since next(v) must be
executed just after either Line 21 or Line 23 is executed, ¢ + t” < ;. In addition, if we execute
Line 22 more than three consecutive times Line 18 reduces the number of LZ-blocks in K5, and
hence ¢ < 3r;. Since the unit cost of the if-control is O(1), the total cost for the if-control is
O(t +t +t") = O(m). Next, the else-control of Line 24 is executed O(yu,) times since we
either halt the computation at Line 26, or reset j to be in the last LZ-block we are processing at
Line 30 and j will get over that LZ-block when Line 30 is executed next time. Since Line 25
and Line 29 take O(log s) time, the cost for the else-control is O(u; log s) in total. Hence the
first Lyndon factor of 7" can be computed in O (4 log s + ;) time.

After computing the first Lyndon factor, we modify K; to K, which represents the remaining
suffix of T, i.e., we discard the LZ-blocks representing 7T[1..|\{|p1]. Also we maintain its first
block to be the longest member in UZ,:I 'y, where f; is the last LZ78 factor we have processed.
The modification takes O(,) time.

Then we use Algorithm 4 to compute the second Lyndon factor of 7, i.e., the first Lyndon
factor of strg,. The computation takes O(us log s + 1) time, where 52 and IA12 are respectively
the last values of j and h when algorithm halts, and ps = #x, 1, jg] and 1y = #x, |1, Jo + lAzQ]
We iterate this procedure until we get the last Lyndon factor A2 of T'. The sum of the cost is
O pilogs + 32 my). Since Ifby(i) + ji < Ufbp(i + 1) forany 1 < i < m, S0, j; =
O(ST #[1.3i) = O (L, IT]]) = O(s), and hence O(" ji;log s) = O(s log s).

The final concern is how we can analyze > . | 7; = O(s). Since the substrings of 7" consid-

ered in each iteration are overlapped, e.g., T[1..J1 + hi] and T[Ifb(2)..1fb1(2) + Jo + ho — 1]
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are overlapped at most |\ |, we cannot conclude immediately that >\ | n; = O(#x, [1,|T]]) =
O(s). However, we can charge the cost from the overlapped LZ-blocks to the previous LZ-
blocks thanks to the restructuring at Line 20. For example, when T'[1..J,+h,] and T[ifb(2)..|T]
are overlapped (i.e., Ifb(2) = |\ |p1+1 < J1+hy), #KQ[l,j’l—l—iLl—]Al]pl] = O(#x, [lfor(2)—
IA1], 71 + hy — [\1]]) holds (see also Figure 5.2). Hence, 37, 7, = O(2 27, #x.[1, [ Nilpi]) =
O2#x,[1,[T]]) = O(s).

Therefore the statement holds. ]

restructured LZ-blocks

L[ [ T[]
J1

wil | [l b i (f[][ii[a

Figure 5.2: Illustration for Theorem 8. We compute 31 and hy by LZ-block wise comparisons.
In this picture, p; = 1 and Ifb;(2) = [Ay|py + 1 = j1. Then T[1..7; + hy] and T[Ifb,(2)..|T)]
overlap by hy characters. As a result of restructuring at Line 20, the number of the restructured
LZ-blocks represeptingAT[jl..jl + ﬁl] is upper bounded by OA(# K [}1 — ])\1],51 + hy — |A1]]),
and hence #x,[1, j1 + h1 — [M[p1] = O(#x, 71 — [Mi]. g1 + ha — [Ad]).

5.5 Conclusions

In this chapter, we developed Lyndon factorization algorithms for compressed strings again.
Firstly, we presented an algorithm to compute the Lyndon factorization of a grammar com-
pressed string. Our algorithm runs in O(n? + P(n, N) + Q(n, N)nlogn) time and O(n? +
S(n, N)) space. This algorithm is faster than the algorithm presented in Chapter 4. Secondly,
we presented an algorithm to compute the Lyndon factorization of an LZ78 compressed string.
This algorithm works in O(s log s) time and space where s is the size of the LZ78 factorization.
In this chapter, we showed an independent result that the size of the Lyndon factorization, for
any string, is a lower bound of the size of the smallest grammar. This result led to the problem
which is considered in Chapter 6.

Our question for this problem are the following:

e Can we compute the Lyndon factorization of an SLP compressed string more efficiently?
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e Can we compute the Lyndon factorization of an LZ78 compressed string in O(s) time

with O(slog s) space?

e Can we make an efficient algorithm for other compressed strings?
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Chapter 6

On the Size of Lempel-Ziv and Lyndon

Factorizations

In this chapter, we study relations between Lyndon factorizations and non-overlapping LZ77
factorizations. We present an upper bound and a lower bound of the size of Lyndon factoriza-

tions by using the size of LZ77 factorizations.

6.1 Notation

We consider finite strings over an alphabet X = {¢y, ..., ¢, }, which is linearly ordered: ¢; <
ca < -+ < ¢,. A factor u may be equal to several substrings of 7', referred to as occurrences of
winT.

A string u over X is lexicographically smaller than a string v (denoted by u < v) if either u
is a prefix of v or u = xaw;, v = xbw, for some strings z, w, wy and some letters a < b. In
the latter case, we refer to this occurrence of a (resp., of b) as the mismatch of u with v (resp.,

of v with u).

6.2 Upper Bound

The aim of this section is to prove the following theorem.
Theorem 9. Let LF 1 = A\{' --- Ao and LZT7p = gy - - - g1. For any string T, m < 2t holds.

Let us fix an arbitrary string 7" and relate all notation (\;, e;, A;, g;, m,t) to T'. The main

line of the proof is as follows. We identify occurrences of some substrings in 7' that must
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contain a boundary between two LZ77 phrases. Non-overlapping occurrences contain different
boundaries, so our aim is to prove the existence of more than m /2 such occurrences. We start

with two basic facts; the first one is obvious.

Lemma 39. For any strings u, v, w;, ws, the relation uw, < v < uwsy implies that u is a prefix

of v.

Lemma 40. The inequality j < i implies \; = ;.

Proof. We prove that \; > A¥ for any k, arguing by induction on k. The base case k = 1
follows from the definitions. Let A; = A\*~'. In the case of mismatch, \; = A\¥ holds trivially.
Otherwise, \; = )\,’f’lx for some x # . If z = \;orz < \;, then xz < );, and so \; is not a

Lyndon word. Hence = = A; and thus \; = A\¥~'2 = A, Thus, the inductive step holds. ]

The next lemma locates the leftmost occurrences of the Lyndon factors and their products.

Lemma 41. Letd > 1and 1 < i < m — d + 1, and assume that N\;N; 1 ---N;rq_1 has an

occurrence to the left of the trivial one in T'. Then:
1. The leftmost occurrence of AiNiy1 -+ - Nirq—1 is a prefix of \; for some j < i;
2. NNy -+ Nipq 1 is a prefix of every A\, with j < k < i.

Proof. (1) Let j be the smallest integer such that the leftmost occurrence of A;A; 1 -+ Ajrg 1
in T overlaps A;. Suppose first that the leftmost occurrence of A;A; 11 -+ A; 41 is not entirely
contained inside a single occurrence of A;. Then there exists a non-empty suffix v of \; that
is equal to some prefix of one of the decomposed Lyndon factors A;, ..., A\j1q-1, say Ay. We
cannot have u = \; because then \; < \; which is impossible since j < i’. Thus u must be a
proper suffix of \;. But then v < Ay < A;, which contradicts \; being a Lyndon word.
Suppose then that the leftmost occurrence of A;A; 1 ---A;i 41 in T is entirely contained
inside \; but is not its prefix, i.e., \; = vA;Ajq -+ Ajpq—10" for some strings v # € and v'.
Since A; is a Lyndon word we have A\; < A;A;4q---A;14-10". Consider the position of the
mismatch of AjA;4q -+ Ajpq_qv" with A;. If the mismatch occurs inside A;jA; g - - Ajpq_1, we
can write \; = A;---Ay_1 A2z where i < i’ < i+d,0 < e < e, and z is a suffix of ),
that satisfies # < Ay < A;, which contradicts \; being a Lyndon word. On the other hand, the
mismatch inside v’ implies that \; begins with A;A;.; - - - A;1 41, contradicting the assumption

that the inspected occurrence of A;A; 1 -+ A;j1q_1 is the leftmost in 7.
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(2) We prove this part by induction on d. Let d = 1. By Lemma 40 we have \; >~ \; = A,.
Since \; begins with A; by statement 1, so does A\, by Lemma 39. Assume now that the claim
holds for all d’ < d. From the inductive assumption A; and A;,; - -- A;. 41 are both prefixes
of A\;. Lety, vy, and z be such that \; = AjAiy - Npaay, Ae = N - Ag1y’ = Az
We have j < k and thus \; < A; must hold which, since A; is a prefix of both \; and ),
implies z < A;iq---A;jrg_1y. On the other hand, since )\; is a Lyndon word, we have A\, =
N Niya 1y < z. ByLemma 39, A, ;- Ay 1y < 2 < Ajyq -+ Ay q_1y implies that

Ny -+ Ajpq_q 1s a prefix of z or equivalently that A;A; 1 --- A; 41 is a prefix of \g. O

6.2.1 Domains
Lemma 41 motivates the following definition.

Definition 4. Let d > 1 and 1 < i < m — d + 1. We define the d-domain of Lyndon fac-
tor A\; as the substring domy(A;) = AjAj - Ny, § < i of T, where A; is the Lyndon
factor (which exists by Lemma 41) starting at the same position as the leftmost occurrence of
ANANivq1 -+ Nirq1inT. Note that if N; N1 -+ N1 q_1 does not have any occurrence to the left
of the trivial one then domy(A;) = e. The integers d and i — j are called the order and size of
the domain, respectively.

The extended d-domain of A; is the substring extdomg(A;) = domg(A;)A; -+ Njrq1 of T.

Lemma 41 implies two easy properties of domains presented below as Lemma 42. These

properties lead to a convenient graphical notation to illustrate domains (see Figure 6.1).
Lemma 42. Let domy(A;) = Aj---Aj—q, j < i. Then:

e Foranyd > d, domy(A;) is a suffix of domg(A;);

e Forany d > 1, domg (Ay) is a substring of domy(A;) if j < k <i.
Definition 5. Consider domgy(A;) forsomed > 1,1 <i < m—d+1,andleta = A;--- N yq_1.
We say that the leftmost occurrence of « in T is associated with domgy(A;).

For example, in Figure 6.1, T'[7..9] is associated with domy(7[23..24)); T'[7..17] is associ-
ated with dom, (7'[7..17]) even though it is not shown, since dom; (7'[7..17]) = €. Observe that
due to Lemma 42 this implies that domy(7'[7..17]) = ¢ for any d > 1, and hence for example
the substring of 7" associated with domy (7'[7..17]) is T'[7..22].
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4 1 N
d e . ~
4 N e 1,2,3 R
Ay 1o [ A A | [Aiyaa 4 h
extdomg(A) Thl:abbabblababbababbblababb|ab|a
dOmd(Ai) ‘ IR 123456 78 910111213141516171819202122232425

Figure 6.1: Left: Graphical notation used to illustrate domg(A;) = A, --- A;_;. Also shown is
extdomg(A;) = Aj---A;jpq—1. Right: all non-empty domains for the example string with the
Lyndon factorization of size 5. Note that due to Lemma 42 there are no non-trivial intersections
between domains.

A substring T'[i..i+k|, k > 0 is said to contain an LZ77 phrase boundary if some phrase of
the LZ-factorization of 7" begins in one of the positions 4, ..., i+k. Clearly, non-overlapping
substrings contain different phrase boundaries. Furthermore, if the substring of 7" does not have
any occurrence to the left (in particular, if it is the leftmost occurrence of a single symbol), it

contains an L.Z77 phrase boundary, thus we obtain the following easy observation.

Lemma 43. Each substring associated with a domain contains an LZ77 phrase boundary.

6.2.2 Tandem Domains

Definition 6. Let d > 1 and 1 < i < m — d. A pair of domains domg1(A\;), domg(A;y1) is
called a tandem domain if domg1(A;) - A; = domy (A1) or, equivalently, if extdomg,q(A;) =

extdomg(A;41). Note that we permit domg1(A;) = e.

For example, doms(7'[18..22]), domy(7'[23..24]) is a tandem domain in Figure 6.1, because
we have extdomgs(7[18..22]) = extdomy(7'[23..24]) = T'[7..25].

Definition 7. Let domg1(A;), domy(A;11) be a tandem domain. Since Aiyq - - - N; 14 is a prefix
of \; by Lemma 41, we let N\; = N1 -+ Njqv. The leftmost occurrence of A;--- N qin'T
can thus be written as N;1q -+ Njrgx Ny - - - Nirg. We say that this particular occurrence of

the substring xA;y 1 - - - Niyq is associated with the tandem domain domg 1 (A;), domg(A;11).

Remark 1. Note that the above definition permits domg,1(A;) = €. If domg,1(A;) # &, then
«, the substring of T associated with domgy1(A;), domy(Aiy1), is (by Lemma 41) a substring
of \j, where \;, j < i is the leftmost Lyndon factor inside domg1(A;). Otherwise, o overlaps

at least two Lyndon factors. In both cases, however, « is a substring of extdomg, 1 (A;).
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Lemma 44. Each substring associated with a tandem domain contains an LZ77 phrase bound-

ary.

Proof. Let domg,(A;), domy(A;11) be a tandem domain and let u = zA; ;- -+ A;14 be the
associated substring of 7'. Suppose to the contrary that v contains no LZ77 phrase boundaries.
Then some LZ77-phrase g, contains w and the letter preceding w. Since we consider a non-
overlapping LZ77 variant, the previous occurrence of g, in 7' must be a substring of g; - - - g-_1.
Note, however, that u is preceded in 7" by the leftmost occurrence of A;,q - -+ A; 4, which is
the prefix of A; (see Definition 7). Thus, the leftmost occurrence of  in T either immediately
precedes the associated substring, or overlaps it, or coincides with it. This, however, rules out

the possibility that the previous occurrence of g, occurs in g; - - - g, 1, a contradiction. 0

We say that a tandem domain domgq(A;), domy(A;11) is disjoint from a tandem domain

dom ,(Ag), domy(Agyq)ifall 4,4 + 1,k k + 1 are different, i.e., i + 1 < kork + 1 < i.

Lemma 45. Substrings associated with disjoint tandem domains do not overlap each other.

Proof. Let domgy1(A;), domy(A41) and domy, | (Ax), domj(Ag11) be tandem domains called
the d-tandem and d-tandem, respectively. Without the loss of generality let 7 + 1 < k.

Case 1: domgyi(A;) # € and domy,,(Ay) # €. First observe that if the d-tandem and
d-tandem begin with different Lyndon factors, then the associated substrings trivially do not
overlap by the above Remark. Assume then that all considered domains start with A;, j < i. By
Definition 7 we can write Aj as A; = Ay - Ajgw i - - Nirqy, where [Ajq -+ Ajygx| =
|A;| and A,y - - - Ajyq is the substring of T" associated with the d-tandem. Similarly we have
Nj = Ny N g2 Npgr -+ Ay gy where [Agyr--- Ay 2’| = [Ag| and 2/Agyy -+ Ay g is
the substring of 7" associated with the d-tandem. However, by Lemma 41, A, - - - A,C +d is a prefix

of Ai+1 and thus |Ak+1 cee Ak+d$/Ak+1 cee Ak+ci| S |Ai+1

, 1.e., the substring of 7" associated
with the d-tandem is inside the prefix A; 11 of A; and thus is on the left of the substring associated
with the d-tandem.

Case 2: domgy1(A;) = Aj---Aj_1, j < i, and domy, ,(Ax) = . In this case the substring
associated with the d-tandem begins in Ay by the above Remark and thus is on the right of the
substring associated with the d-tandem.

Case 3: domg;1(A;) = € and domg, ,(A) = e. This is only possible if i + d < k since
otherwise Ay (and thus also Agyi--- A, ;) occurs in A;, contradicting domy(Agi1) = Ag.

Then, extdomg, 1 (A;) does not overlap extdom, ; (Ax), and the claim holds by above Remark.
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Case 4: domgy1(A;) = € and domy,,(Ax) = Aj---Ap_1, j < k. Then, the substring of
T associated with d-tandem is a substring of A;. If i > j, then clearly extdomg,(A;) does
not overlap A;. On the other hand, if ¢ < j, it must also hold ¢ + d < j since otherwise A;
(and thus also Ay --- A, ;) occurs in A;, contradicting dom, ,(Ax) = Aj;---Ay_1, and thus
again, extdomgy(A;) does not overlap A;. In both cases the Remark above implies the claim.
Finally, if 7 = 7, we must also have ¢+ + 1 < k from the assumption about the disjointness of
d- and d-tandem. By Lemma 41 we can write Ay = Ajy1 -+ Ajqr, Ajpr = Ay -+~ A g2’ and
hence also A« - Ajyg = Ap - Ay 7" Nigo - - AjyarNigy - - Aiyq. In this decomposition, the
substring associated with the d-tandem occurs inside the prefix Ay --- A, ;, and the substring

associated with the d-tandem is the suffix xA;,; - - - A;, 4, which proves the claim. l

6.2.3 Groups

We now generalize the concept of tandem domain.

Definition 8. Lerd > 1, 2 < p < m,and 1 < i < m—d—p+ 2. A set of p do-
mains domgp,_1(A;), domgyp_o(ANit1), ..., domg(A;4,—1) is called a p-group if for all ¢ =
0,...,p — 2 the equality domgy,—1-¢(Niyq) - Niyg = domaypoo(Niygi1) holds or, equiva-

lently, extdomgy,—1(A;) = ... = extdomg(A;4,—1). Note that we permit domg,—1(A\;) = €.

Lemma 46. Substrings associated with tandem domains from the same group do not overlap

each other.

Proof. Consider a p-group, p > 3 and assume first that p = 3. By Lemma 41 we have A; =
Nigq- - Niygpix' and Ay = Ao -+ - Ay gp1x for some words 2’ and 2. We can thus write the
leftmost occurrence of A; -+ - Ajygp1in T as Ajyo- - Njrgr1xNivo - - Njpgiix’Nipr - - Nivgin.
It is easy to see that those occurrences of xA; 5 - Aji g1 and 2'A;q - -+ A; 441 are associated
with (resp.) tandem domains domg1 (A1), domg(Aiy2) and domgyo(A;), domg, 1 (Aiyq), and
thus the claim holds.

For p > 3 it suffices to consider all subgroups of size three, in left-to-right order, to verify
that the substrings associated with all tandem domains occur in reversed order as a contiguous

substring and thus no two substrings overlap each other. [

The above Lemma is illustrated in Figure 6.2. It also motivates the following definition

which generalizes the concept of associated substring from tandem domains to groups.
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Figure 6.2: Illustration of Lemma 46. In the examples u, v, w, x, y are Lyndon factors
from the Lyndon factorization of 7. The top figure shows a 3-group: domsz(w) = w---v,
domy(z) = u---vw, dom;(y) = u- - - vwx. (v, is a substring associated with the tandem do-
main doms(w), domy(x), and oy, is a substring associated with the tandem domain domy(z),
dom; (y). Observe that the substrings associated with tandem domains occur as a contiguous
substring and in reverse order (compared to the order of the corresponding tandem domains
in T'). The bottom figure shows a 4-group: doms(u) = ¢, domy(v) = u, domgz(w) = uwv,
domg(z) = uwvw and demonstrates the case when the leftmost domain in a group is empty.

Definition 9. Consider a p-group domg,_1(A;), domgip, o(Ait1), ..., domgy(A;y,—1) for some
p > 2. From Lemma 41, Nivp—1 -+ Nivpra—o is a prefix of A;. Thus, the leftmost occurrence
of Ni -+ Nifpra—o in T can be written as Nitp—1 -+ Nippra—oxNit1 -+ Niypra—o. We say that
this particular occurrence of the substring x\;yq -+ Ni+,1q_2 is associated with the p-group

dOHlCH_p_l(Ai), domd+p_2(Ai+1), ce domd(AHp_l).
It is easy to derive a formal proof of the following Lemma from the proof of Lemma 46.

Lemma 47. The substring associated with a p-group is the concatenation, in reverse order, of

the p — 1 substrings associated with the tandem domains belonging to the p-group.
Our consideration of groups culminates in the next two results.

Corollary 5. The substring associated with a p-group contains at least p — 1 different LZ77
phrase boundaries.

We say that a p-group domgy,—1(4;), ..., domg(A;4,—1) is disjoint from a p’-group
domgr iy —1(Ag), ..., domg(Apypy—q) ifi+p—1 < kork+p —1 < i. By combining

Lemma 45 and Lemma 47 we obtain the following fact.
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Lemma 48. Substrings associated with disjoint groups do not overlap.

6.2.4 Subdomains

The concept of p-group does not easily extend to p = 1. If we simply define the 1-group
as a single domain and extend the notion of groups to include 1-groups then Lemma 48 no
longer holds (e.g. in Figure 6.1 the substring associated with tandem domain doms(77[18..22]),
domg(7[23..24]) is T[10..14] and the substring associated with domain dom; (7'[7..17]) is

T[7..17]). Instead, we introduce a weaker lemma (Lemma 49) that also includes single domains.

Definition 10. We say that a domain dom;(Ay) is a subdomain of a domain domy(A;) =
Aj--- Ny, g <iifk =iand d=d (i.e., the domain is its own subdomain), or j < k < 1
and extdom j(Ay) is a substring of extdomgy(A;) (or equivalently, if k + d < i+d). In other
words, Ay, has to be one of the Lyndon factors among A, ..., \;_y and the extended domain of

Ay, cannot extend (to the right) beyond the extended domain of A,.

Lemma 49. Consider a tandem domain dom, | (Ay), domj(Apy1) such that domgy, \(Ay) and
dom;j(Agy1) are subdomains of domg(A;). Then, the substring associated with the tandem

domain dom_ ,(Ay), dom (A1) does not overlap the substring associated with domg(A;).

Proof. First, observe that in order for a tandem domain consisting of two subdomains to exist,
domyg(A;) has to be non-empty. Thus, let domy(A;) = A, --- A;_; for some j < ¢. This implies
(Lemma 41) that the substring associated with domg(A;) is a prefix of A;.
Assume first that domg, , (Ax) = Ay -+ A1, j < j° < k. The substring associated with
the tandem domain is a substring of extdom_, (A) thus it trivially does not overlap A;.
Assume then that dode(Ak) =N A Ifk+1 <ithenby Lemma4l1, A; - - - Ajpqr

is a prefix of Ay 1. By Definition 7 the leftmost occurrence of Ay, - -- A, ;in T  can be written as

k+
Npr - Ay n TN - Ay - Thus clearly the leftmost occurrence of A; -+ Ny 41 (associated
with domy(A;)) occurs in a prefix Ay, not overlapped by xA; 1 --- A, ; (Which is a substring
associated with the tandem domain).

The remaining case is when k£ + 1 = 7. Then by Definition 10 we must have d = d and

again the claim holds easily from Definition 7. 0

For any domain domg,(A;) = A;---A,_1,j < i we define the set of canonical subdomains

as follows. Consider the following procedure. Initialize the set of canonical subdomains to
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contain dom,(A;). Then initialize § = d and start scanning the Lyndon factors A;, ..., A;_4

right-to-left. When scanning A, we check if doms,1(A;) = A -+ Ay,
e If yes, we include domg, 1 (A, ) into the set, increment § and continue scanning from A, _;.

e Otherwise, i.e., if domsy1(A;) = Ay --- A,y for some j' > j, we include the domain
doms1(A,) into the set. Then we set § = 0 and continue scanning from A;_;. All
domains that were included into the set of canonical subdomains in this case are called

loose subdomains.

See Figure 6.3 for an example. The above procedure simply greedily constructs groups of
domains, and whenever the candidate for the next domain in the current group does not have a
domain that starts with A;, we terminate the current group, add the loose subdomain into the
set and continue building groups starting with the next Lyndon factor outside the (just included)
loose subdomain.

Note that the current group can be terminated when containing just one domain, so it is not
a group in this case. Hence we call the resulting sequences of non-loose domains clusters, i.e.,
a cluster is either a single domain, or a p-group (p > 2). Note also that during the construction
we may encounter more than one loose subdomain in a row, so clusters and loose subdomains
do not necessarily alternate, but no two clusters occur consecutively.

Finally, observe that the sequence of clusters and loose subdomains always ends with a
cluster (possibly of size one) containing domgy (A;) for some d' (d" = 3 for the example in

Figure 6.3), since domy (A;) = ¢ forall d'.

6.2.5 Proof of the Main Theorem

We are now ready to prove the key Lemma of the proof. Recall that the size of domy(A;) =

Aj--- Ay, j < tisdefined asi — j.

Lemma 50. Let dom,(A;) be a domain of size k > 0. Then extdomgy(A;) contains at least
[k/2] + 1 different LZ77 phrase boundaries.

Proof. Let domy(A;) = A;---A,_4, j <iand k =i — j. The proof is by induction on k. For
k = 0, extdomy(A;) is the substring of 7" associated with dom,(A;) (see Definition 5) and thus

by Lemma 43, extdomgy(A;) contains at least one LZ77 phrase boundary.
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Figure 6.3: An example showing the set of canonical subdomains of doms(A;5). Using notation
from Lemma 50, the set has p = 4 clusters of size (left-to-right): ¢y = 3,¢2 = 1,93 = 2,q4 = 3,
and ¢ = 3 loose subdomains: domy(Ag) = AyAs5, doms(Ag) = Ag, dom;(A12) = € of size
ki = 2, ks = 1, ks = 0. Note how the extended domains of loose subdomains do not
overlap each other. Furthermore, note that extdomy(A15) = Ap--- Ajg can be factorized as
Ay -+ A, concatenated with the extended domains. By Corollary 5 and Lemmas 48 and 49,
Ay--- Ay contains 1 + Y7 _ (g, — 1) = 6 LZ77 phrase boundaries, while the extended do-
mains extdoms(Ag), extdoms(Ag), extdoms(A ;) contain 3 _ ([k,/2]+1) = 5 LZ77 phrase
boundaries by Lemma 50.

Let £ > 0 and assume now that the claim holds for all smaller k. Consider the set C; 4
of canonical subdomains of domgy(A;). If C; 4 contains no loose subdomain, it consists of a
single cluster which is a (k + 1)-group. By Corollary 5, the substring associated with this group
contains k phrase boundaries; by Lemma 49, one more boundary is provided by the domain
domg(A;) itself. We have 1 + k > 1 + [k/2], which concludes the proof of this case.

For the rest of the proof assume that C; ; contains 7 > 1 loose subdomains, denoted, left to
right, by domy, (A;,),...,domg (A; ). Note that d, > d. Let kj, be the size of domyg, (A;, ),
h = 1,...,7. Further, let ¢ > 1 be the size of the leftmost cluster (the one that contains some

domain of A;). By the construction of the canonical set we have
extdomg(A;) = Aj - - - Ajp_1extdomy, (A;, )extdomy, (A;,) - - - extdomyg, (A;, ). (6.1)

Both clusters and loose subdomains contribute some number of LZ77 phrase boundaries into
their total. The boundaries contributed by clusters are all different by Lemma 48; let .S be their
number. These boundaries are also different from the boundary inside the substring associated
with dom,(A;) by Lemma 49. Furthermore, it is easy to see from the proof of Lemma 49 that

all these phrase boundaries are located inside A; - - - A;;,—1. The number of phrase boundaries
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inside the extended domains of loose subdomains can be estimated by the inductive assumption
(by Eq. 6.1, these external domains do not overlap each other or A ---Aj,_1). So we obtain

that extdomg(A;) contains at least

1+ZU%W+1)+S (6.2)
h=1

different LZ77 phrase boundaries. Let us evaluate 22:1 kp. By the construction, a loose d,-
subdomain is followed by exactly d;, Lyndon factors which are outside loose subdomains; then
another loose subdomain follows (cf. Figure 6.3). The only exception is the rightmost loose
subdomain, which is followed by d, — d Lyndon factors outside loose subdomains (note that we

only count Lyndon factors inside domg(A;)). Then

ikh:k—q—ithrd. (6.3)
h=1 h=1

Next we evaluate S. By Corollary 5, a cluster of size r contributes » — 1 phrase boundaries.
Then the leftmost (resp., rightmost) cluster contributes ¢ — 1 (resp., d. —d — 1) boundaries. Each
of the remaining clusters is preceded by a loose dj,-subdomain, where d;, > 1, and contributes
dp, — 2 boundaries. Using Knuth’s notation [predicate] for the numerical value (0 or 1) of the

predicate in brackets, we can write

T T—1
S=q—-14+> dy—7—d=> [dy>1]. (6.4)
h=1 h=1

Finally, we estimate the number in Eq. 6.2 using Eq. 6.3 and Eq. 6.4:

T Tk k—qg—S7 d,+d T L
(4] s T s B
h=1 h=1 h=1

2
kg d, d <= g+d.-—d k <= [dy k
=—+- — - - dp>1] = ——+ = — —ldp>1]) >1+ .
AEAPIE I dn > 1 y— tat g 1) 21y
h=1 h=1 h=1
The obtained lower bound for an integer can be rounded up to 1 + [k/2], as required.
O

Using the above Lemma we can finally prove the main Theorem.

Proof.[Proof of Theorem 9] Partition the string 7" into extended domains as follows: take the
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string 7" such that 7" = 7" - extdom; (A,,,) and partition 7" recursively to get
T = extdom; (A;,) - - - extdom; (A;. ), where 7, = m.

By Lemma 50, each extended domain extdom; (A;, ) contains at least [k, /2] + 1 phrase bound-
aries, where kj, is the size of the domain dom; (A;,). Clearly, Y ; _, k, = m — 7; hence the total

number ¢ of the boundaries satisfies

t>T ) I WS et I el L
= 2\|2 =72 TT T 2’

as required. 0

6.3 Lower Bound

The upper bound on the number of factors in the Lyndon factorization of a string, given in of
Theorem 9, is supported by the following lower bound. Consider a string 7}, = By - - - Bja,
k > 0, where:

Bl = ab,
B, = a*baba’b,

By, = (a*ba'b) - - - (a"ba"'b)ab.

For example, T3 = (b)(ab)(a*baba®b)(a*baba®ba*bab)(a).

Theorem 10. Let A - - - \,,,, and g - - - g, be the Lyndon factorization and the non-overlapping
LZ77 factorization of the string Ty, k > 2. Then my, = k*/2 + k/2 + 2, tp = k*/2 — k/2 + 4,
and thus my, = ty + O(\/11).

Proof. First we count Lyndon factors. All factors will be different, so their number coincides
with the number of Lyndon factors. By the definition of Lyndon factorization, the block B;

(0 <7 < k) is factorized into ¢ Lyndon factors:

B; = a'batb - a'ba®b- - - a'ba’ b - a'b. (6.5)

65



CHAPTER 6. ON THE SIZE OF LEMPEL-ZIV AND LYNDON FACTORIZATIONS

For any suffix u of By - - - B;_; and any prefix v of B;, u = v holds since a’ is a prefix of B; and
this is the leftmost occurrence of a‘. Thus there is no Lyndon word that begins in By - - - B;_;
and ends in B;. This implies that the factorization of 7}, is the concatenation of the first b, then
k factorizations Eq. 6.5, and the final a, k*/2 + k/2 + 2 factors in total.

Let LZ77r, denote the LZ factorization of T},. The size of L2771, =b-a - ba - aba - baaba
is 5. For k£ > 3, we prove by induction that

LZ77y, = LZTTy, - a"tbaba* ' - aba’ba" 1 - - - aba" a1 - abaF T bakba. (6.6)

For k = 3 we have LZ77y, = LZ77r, - aababaa - abaabaaaba and thus the claim holds.
If k > 3, by the inductive hypothesis the last phrase in LZ775,_ is g = aba* 2ba*~'ba. The
substring g has only one previous occurrence: it occurs at the boundary between Bj_, and
By—1, followed by b. So, g remains a phrase in LZ77, . Each of subsequent k& — 2 phrases of
Eq. 6.6 also has a single previous occurrence (inside Bj_1), and this occurrence is followed

k

by b because By, has no substring a”. Thus, Eq. 6.6 correctly represents LZ77, . Direct

computation now gives t, = k*/2 — k/2 + 4. O

6.4 Conclusions

In Chapter 6, we studied relations between Lyndon factorizations and non-overlapping LZ77
factorizations. We showed that the number of Lyndon factors cannot be more than 2¢ where ¢ is
the number of LZ77 phrases. This result is the first direct connection of these two factorizations.
The result improves significantly a previous, indirect bound given in Chapter 5. We also showed
that there are strings with ¢ + ©(/¢) Lyndon factors.

Our question for this problem are the following:
e What are tighter upper bound and lower bound?

e Can we show some bounds for overlapping LZ77 factorizations?
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Chapter 7

The Runs Theorem

In this chapter, we give new insights into relations between runs and Lyndon words. Firstly,
we give additional notation for this chapter in Section 7.1. In Section 7.2, we show a new
upper bound of the maximum number of runs in a string. In Section 7.3, we propose a new
algorithm to compute all runs in a string. This algorithm is the first algorithm without Lempel-
Ziv factorization. Finally, we show how to characterize runs in a string using Lyndon trees in

Section 7.4.

7.1 Notation

For any set [ of intervals, let Beg(I) denote the set of beginning positions of intervals in /.

Definition 11 (Runs). A triple r = (i, j, p) is a run of string T, if the smallest period p of T'[i..j|
satisfies |T'[i..j|| > 2p, and the periodicity cannot be extended to the left or right, i.e., i = 1 or
Tli—1]#T}i+p—1], and j= N orT[j+ 1] # T[j — p+ 1]. The rational number jf% is
called the exponent of r, and is denoted by e,.

Let Runs(T') denote the set of runs of string 7". Denote by p(/N), the maximum number of

runs that are contained in a string of length N, and by o(/N), the maximum sum of exponents

of runs that are contained in a string of length N.

Example 6. Consider string I' = babbabbababbabbabc which contains nine runs. Runs(T) =
{(1,9,3),(1,17,8),(3,4,1),(4,14,5),(6,7,1),(7,11,2),(9,17,3), (11,12,1), (14,15, 1) }.
(See Figure 7.1.)

The following is an important lemma that is central to two of our main observations (Lem-

mas 52 and 53) used to prove the runs conjecture in Section 7.2.
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Lemma 51 (Lemma 1.6 of [30]). Let T' = uu'a be a string for some Lyndon word u, a possibly
empty proper prefix u’ of u, a positive integer q, and a € L with T[|v'|+1] # a. Ifu[|v'|+1] < a,
T is a Lyndon word. If a < u[|v'| + 1], u is the longest prefix Lyndon word of any string having

a prefix ulu/a.

Definition 12 (L-root [22]). Let r = (i, j,p) be a run in string T € ¥*. An interval \ = [iy..j,]
of length p is an L-root of r with respect to < if i < iy < jx < j and Tliy..J,] is a Lyndon word

with respect to <.

It is easy to see that for any run and lexicographic order <, there exists at least one L-root

with respect to <.

7.2 The Runs Theorem

Since any string over a unary alphabet can only have at most one run, we assume a non-unary
alphabet .. Furthermore, we consider lexicographic orders on strings over X, induced by an
arbitrary pair of total orders <, <; on X such that for any pair of characters a,b € >, a <
b< b=, a Forl € {0,1},1et £ = 1 — /(. For any string T € X*, let T = T$, where $ Z
is a special character that satisfies $ <q a (and thus a <; $) for any a € X. We first define a
notation for representing the interval corresponding to the longest Lyndon word that starts at a

given position.

Definition 13 (Longest Lyndon word that starts at given position). For any string T, position

i (1<i<|T|), and ¢ € {0,1}, let I,(i) = [i..j] where j = max{j’ | T[i..;'] is a Lyndon word

with respect to < }.

Our first main observation is that, if we consider the longest Lyndon words with respect to
<o and < that starts at a given position ¢, one of them will be of length 1, while the other will

be of length greater than 1.

Lemma 52. For any string T and position i (1 < i < |T|), let ¢ € {0,1} be such that
T[k] <¢ TTi] for k = min{k’ | T[k') # T[i], k' > i}. Then, l,(i) = [i..i] and (i) = [i..]] for

some j > 1.

Proof. The lemma follows from the definition of <, and Lemma 51, with u = T’ [i], v = &,

~

q=k—1i,and a = T[k]. O
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Example 7. Consider string I’ = abbabc and assume a <y b <y ¢, ¢ <1 b <1 a. Then

(ZO(l)a'-->ZO(6)) = ((1a6)a(272)7(373)’(4a 6)7(576)7(6’6)) and (11(1)7"'al1(6)) = ((171)7
(2,4),(3,4),(4,4),(5,5),(6,7)).

Our next main observation is that, given a run r, there is an order <, € {<g, <1} such that
the L-roots of the run with respect to <, coincides with the longest Lyndon word with respect
to <, that starts at that position. Note that <, is defined for each run, and depends on the
order between the two characters which break the periodicity of the run, i.e., the character that

immediately follows the run, and the character p positions earlier, where p is the period of r.

Lemma 53. Let r = (i, j, p) be an arbitrary run in string T, and let {, € {0,1} be such that

Tj+1] <. T[j + 1 —p]. Then, any L-root X\ = [iy..])] of r with respect to <y, is equal to
le, (i)

Proof. Let [i)..7,] be an L-root of r with respect to <,.. Then, the lemma follows from the
definition of <,, and Lemma 51 with u = [iy..j»], ulu/ = [ix..j], and @ = T[j + 1]. O
Example 8. Consider string T' = babbabbababbabbabc and assume a <y b <y ¢ and ¢ <;
b <; a. Forrunry = (4,14,5), <,, is <y because T[15] = b <1 a = T[10], and its L-root
with respect to <, is bbaba, which is also the longest Lyndon word with respect to <, that
starts at position 6. Note that although runs r1 = (1,9, 3) and r; = (9,17, 3) correspond to the
same string babbabbab, <, is <o while <, is <1, since the runs are followed by different

characters (see Figure 7.1).

From Lemmas 52 and 53, we can show that for any two runs, their L-roots with respect
to the orders specified in Lemma 53, i.e., L-roots which correspond to the longest Lyndon
word starting at that position, cannot start at the same position except possibly at the begin-
ning of the run. More precisely, for any run r» = (¢,7,p) of T, let B, = {\ = [ix..]s] |
A is an L-root of r with respect to <y, , iy # i}, where £, € {0,1} is such that T[j + 1] <,

T +1—pl|, ie., B, is the set of all L-roots [iy..j5] of r with respect to <, such that

[ix..Jx] = L. (7)), except for the one that starts from i if it exists. The following lemma holds.

Lemma 54. For any two distinct runs r and v’ of string T, Beg(B,) N Beg(B,') is empty.

Proof. Suppose that there exist ¢ € Beg(B,) N Beg(B,+), and A = [i..j,] € B, and X' =
[i..jx] € Br. Let £, € {0, 1} be such that A = [, (7) from the definition of B, and Lemma 53.
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TN N N
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babbabbababbabbabch
r;\/:\/:\

Figure 7.1: Figure showing all runs r; (1 < ¢ < 9) in the string 7" = babbabbababbabbabc,
where the curved lines indicate the period, as well as the start and end positions of each run.
Assuming a <y b <o ¢ and ¢ <; b <; a, the intervals indicate the L-roots of each run with
respect to the lexicographic order <, as defined in the statement of Lemma 53, and thus each
of them correspond to the longest Lyndon word with respect to <, that starts at that position.
Here, ¢,, = 0 for the runs depicted above the string, and ¢,, = 1 for the runs depicted below
the string. The black circles show the positions which are contained in Beg(B,.,), which can be

seen to be disjoint for all runs, as claimed by Lemma 54. Notice that although runs r; and 77
correspond to the same string babbabbab, the lexicographic orders <, and <, which define
B,, and B, are different, since they are followed by different characters.

Since A # X, X = [—(i). By Lemma 52, either A or \" is [i..i]. Assume w.l.o.g. that A\ = [i..i]
and jy > 4. Since T'[i..jy] is a Lyndon word, T'[i] # T'[jx]. By the definition of B, and B,/, the
beginning positions of runs r and 7’ are both less than ¢, which implies 7'[i — 1] = T'[i] (due to

ryand T'[i — 1] = T'[j] (due to r"). Hence we get T'[i| = T'[i — 1] = T'[jx], a contradiction. [

Lemma 54 shows that each run 7 can be associated with a disjoint set of positions Beg(B,.)
(see Figure 7.1). Note that | Beg(B,.)| = |B,| > |e,—1] > 1, since the exponent e, of any run is
at least 2. Also, since 1 ¢ Beg(B;) forany runr, > p.cory |Brl = 22, c puns(r) 1 Beg(Br)| <

|T| — 1 holds. Therefore, we obtain the following results.

Theorem 11. p(N) < N.

Proof. Consider string 7" of length N. Since |B,.| > 1 for any € Runs(T), it follows from
Lemma 54 that | Runs(T')| < 3, c gyns(r) |1Brl < N — 1. O
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Theorem 12. o(N) < 3N — 3.

Proof. Consider string 7" of length N. Since |B,| > |e, — 1] > e, — 2 for any r € Runs(T), it
follows from Lemma 54 that 3 p,..c oy (€r = 2) < 3¢ punsery Ler — 1 < D7 c puns(ry |Brl <
N — 1. Using |Runs(T)| < N — 1 from Theorem 11, we get o(N) = >_ p ) € <
N + 2|Runs(T)| —1 <3N — 3. O

7.2.1 Higher exponent runs

Let Runsy(T") denote the set of runs of string 7" with exponent at least k, pj(/N) the maximum
number of runs with exponent at least % in a string of length NV, and o (/N) the maximum sum
of exponents of runs with exponent at least k£ in a string of length N. Crochemore et al. [24]
have shown a bound of 2.5 for o3(/N). Below, we prove a tighter bound, and show bounds for

general integer k as well.

Theorem 13. For any integer k > 2, pp(N) < N/(k — 1), 0x(N) < N(k+1)/(k —1).

Proof. Notice that for any run r with exponent at least &, |B,.| > |e, — 1] > k — 1, since k is
an integer and e, > k. Therefore, | Runsy,(T')| < -, c pyns, (1) | Brl/ (k= 1) < N/(k—1). Also,

ZreRunsk,(T) Er = ZreRunsk(T)(er - 2) + 2|Run8k(T)| < ZreRunsk(T) |B7"| + 2‘]V/(k - 1) <
N +2N/(k —1) = N(k + 1)/(k — 1). O

7.2.2 Runs with d distinct symbols

Let p(N, d) denote the maximum number of runs in a string of length N that contains exactly d

distinct symbols. We prove the following bounds conjectured in [28].

Theorem 14. p(N,d) < N — d. Furthermore, if N > 2d, then p(N,d) < N —d — 1.

Proof. Let X = {c;,...,cq}. First, we show p(N,d) < N — d. For any character ¢;, € X,
let 7;, denote its last occurrence, i.e. i, = max{i | T[i] = ¢,1 < i < N}. Choose the
pair of total orders <, <; on X, so that forany 1 < k, k' < d, cp <o cx & ¢ <1 Cp &
ik < ig. Also, let iy, = min{i < iy | T[i..ix] = ij*i“}. Then, for any 1 < k < d, since
¢ = T[i}] = --- = Tiy) is smaller than any character in T[i;, + 1..N + 1] with respect to <1,
we have that [;(i}) = [#..N + 1], and from Lemma 52, lo(i}) = [i}..i}]. Since T[i}..N + 1]

includes the symbol $ which does not occur elsewhere in T, [if...N + 1] cannot be an L-root
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of a run. On the other hand, if [i}..7}] is an L-root of some run, then by definition of ¢}, the
run must start at ¢;. Therefore, neither [y(4},) nor /;(i),) can be included in U,¢ gyns(r) By and
thus, i), € Urcruns(r)Beg(B,). Noticing that T'[i}] = c;, we have that i), is different for each
1 < k < d, and therefore, p(N,d) < N —d.

Next, we prove p(N,d) < N —d — 1 for N > 2d. Since 1 € U,c guns(r)Beg(B,), if i}, > 1
for all k, then Runs(T) < N — d — 1. Therefore, we can assume ¢, = 1, which means that
T[1..i1] = ¢, and TT[i; + 1..N] does not contain an occurrence of ¢;. Thus, any position in
T1..i1] can only be part of a single run (1,4y,1) if iy > 1, or of none if iy = 1. If iy > 1, we
have from the first statement that Runs(T) < 1+ p(N —i;,d—1) <1+ (N —i;)—(d—1) =
N —d— (iy —2). Since Runs(T) < N —d—1fori; > 3, we assume that i; < 2. We prove the
statement by induction on d. For d = 1, we have that p(N, 1) < 1, and thus p(N,1) < N—d—1
for any N > 2, and the statement holds. Suppose the statement holds for any d’ < d, i.e., for
any d' < d,if N > 2d' then p(N,d') < N—d'—1.Ifi; = 1, then, since (N —1) > 2(d—1), we
have Runs(T) < p(N—1,d—1) < (N—1)—(d—1)—1 < N—d—1. If i = 2, then, again since
(N—2) >2(d—1),wehave Runs(T) < 14+p(N—-2,d—1) < (N—-2)—(d—1) < N—d—1.
Thus, the statement holds. O]

This leads to a slightly better bound of p(/N) compared to Theorem 11, i.e., p(N) < N — 3
for N > 4, since p(NV, 1) < 1.

7.3 New Linear-Time Algorithm for Computing All Runs

In this section, we describe our new linear-time algorithm for computing all runs in a given
string 7" of length N. Note that an (/N log N) time lower bound exists for general unordered
alphabets, i.e., any algorithm that is based on character equality comparisons [74]. It is an open
problem whether all runs can be computed in linear time for general ordered alphabets [8, 69].
Here, we assume an integer alphabet, i.e. ¥ = {1, ..., N°} for some constant c. Let L = {l,(7) |
¢ € {0,1},1 <i < N}. From Lemma 53, we know that for any run r, L contains an L-root of
r. Our new algorithm (1) computes the set L in linear time, and (2) for each element [,(i) € L,
checks if it is equal to arg; jcp, min< for some run, and if so determine the run, in constant

time, therefore achieving linear time. Below are the algorithmic tools used in our algorithm.

Definition 14 (Suffix Array/Inverse Suffix Array [75]). The suffix array SAr[1..N] of a string
T of length N, is an array of integers such that SAr[i] = j indicates that T[j..N]| is the
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lexicographically ith smallest suffix of T. The inverse suffix array ISAr[1..N] is an array of
integers such that ISAr[SAr[i]] = i.

Theorem 15 (Suffix Array/Inverse Suffix Array [63, 65, 62]). The suffix array and inverse suffix

array of a string over an integer alphabet can be computed in linear time.

Theorem 16 (Longest Common Extension (LCE) Query (e.g., [36])). A string T' over an

integer alphabet can be preprocessed in linear time, so that for any 1 < i < 57 < |T

’

\lep(T'[i..|T|), T]j.|T|])| can be answered in constant time.

7.3.1 Linear-time computation of 1,(%)

For a string 7" of length N and ¢ € {0, 1}, Algorithm 5 shows a pseudo-code of a linear-time
algorithm that computes [,(¢) for all 1 < ¢ < N in decreasing order of i by a right-to-left scan
onT.

For each i, the algorithm computes the value E,[i]. From Lemma 1, it is easy to see that at
the end of each loop for i in the algorithm, E,[i.. N| encodes a lexicographically non-increasing
list of Lyndon words that decomposes 7'[i..N 4 1], i.e., the Lyndon factorization of T'[i..N +1];
the first element is 7°[i.. E,[i]], and the remaining elements are recursively defined for the suffix
T[Ey[i] + 1..N +1]. From Lemma 2, it is clear that for any 4, T'[i.. E,[]] is (i), i.e., the longest
Lyndon word that starts at position <.

The lexicographic comparison of Line 5 can be performed in constant time by an LCE query
and a single character comparison. We also note that it can be performed in constant time by
utilizing ISA;, i.e., the lexicographic order of the suffix of T starting at the same position.
Consider a Lyndon word A starting at position 7, and the decomposed Lyndon factorization
A1 Ay Of T[iv..N + 1] s.t. ' A; = A\yq for any 4, where i, = i + |[A\g|. If \g < Ay, then,
A = Xo); is a Lyndon word from Lemma 1. Therefore, A\[1..|\1]] < A; and thus \g- -\, <
A A (ISAg[D] < ISAz[iy]). If A1 < Ao, then Ag--- )\, is a Lyndon factorization of
TTi..N + 1]. It follows from Lemma 51 that Ay - - - Ay < Ao - - - A (ISA4[i,] < ISAz[4]), since
Ao must be the longest Lyndon prefix of T7[i.. N+1]. Therefore \g < \; <= ISA[i] < ISA[i,).

We note that the intervals [i.. E,[4]] with each update of E[i] on line 6 during the algorithm
correspond to internal nodes of what is called the Lyndon tree [4], described in Section 7.4.
Hohlweg and Reutenauer [53] showed that the Lyndon tree can be constructed in linear time

given ISA, by showing that the Cartesian tree [90, 40] of the subarray ISA[2..N]| coincides with
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Algorithm 5: Computing l,(i) = [i..E,[é]] in linear time forall 1 < i < N.
Input: String 7" of length NV
1 fori=1t0 N +1do E,[i] < i; // End positions of [(i)
2 for i« = N downto 1 do
3 while Ey[i] < N + 1 do
4

j— Elfi] +1;
5 if not T'[i..Ey[i] <¢ T[j..E,[4]] then exit while loop ; // O(1) from
ISA[i], ISA7 5]
6 Euli] < Edj]; [/ Tl Ei]|T[j..Eelj]] = Ti..E[j]] is Lyndon
| w.r. t.<y
7| L(i) (i Eli]];

the internal nodes of the Lyndon tree. Algorithm 5 is, in essence, an implementation of the

same idea.

7.3.2 Computing all runs of T" from [,(¢)

Consider a candidate interval [;(i) = [i..j] € L. Let T'[¢'..i — 1] be the longest common suffix
of T'[1... — 1] and T'[1..5], and let T'[j + 1..j'] be the longest common prefix of 7[¢..N] and
T[j + 1..NJ. Itis easy to see that [i..j] = argy, jmep, mini” of run r = (¢, 5/, p), if and only
ifp=j—i+1|T[.5] > 2p,and i’ < ¢ < i’ + p. Using Theorem 16, we can compute
j' in constant time per query and linear-time preprocessing. If we consider LCE queries on the
reverse string, we can query the length of the longest common suffix between two prefixes of

T'. Thus, ¢’ can also be computed in constant time per query and linear-time preprocessing.

7.4 Runs and Lyndon Trees

In this section, we characterize runs in strings using Lyndon trees.

Definition 15 (Standard Factorization [14, 72]). The standard factorization of a Lyndon word
T with |T| > 2 is an ordered pair (u,v) of Lyndon words u,v such that T = uv and v is the

lexicographically smallest proper suffix of T

It can be shown that for any Lyndon word 7" longer than 1, the standard factorization (u, v)
of T" always exists. The Lyndon tree of a Lyndon word 7', defined below, is the full binary tree

defined by recursive standard factorization of 7.
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Definition 16 (Lyndon Tree [4]). The Lyndon tree of a Lyndon word T, denoted LTree(T), is

an ordered full binary tree defined recursively as follows:
e if|T| =1, then LTree(T) consists of a single node labeled by T';

o if |T| > 2, then the root of LTree(T), labeled by T, has left child LTree(u) and right
child LTree(v), where (u,v) is the standard factorization of T.

Each node « in LTree(T) can be represented by an interval [i..j] (1 < i < j < |T) of T,
and we say that the interval [i..j] corresponds to a node in LTree(T'). Let lca([i..j]) denote the
lowest node in LTree(T') containing all leaves corresponding to positions in [i..j] in its subtree,
or equivalently, the lowest common ancestor of leaves at position ¢ and j. Note that an interval
[i..7] corresponds to a node in the Lyndon tree, iff lca([i..j]) = [i..j]. Figure 7.2 shows an

example of a Lyndon tree for the Lyndon word aababaababb.

a a b a b a a b a b b

Figure 7.2: The Lyndon tree for the Lyndon word aababaababb with respect to order a < b.

We first show a simple yet powerful lemma characterizing Lyndon substrings of a Lyndon

word, in terms of the Lyndon tree.

Lemma 55. Let T be a Lyndon word. For any interval [i..j], if T[i..j] is a Lyndon word, then
the node a = lca([i..J]) = [ia--Ja| in LTree(T) satisfies iq =1 < j < jq

Proof. If i = j, then « is a leaf node and corresponds to [i..i|. If i < j, v is an internal node. Let
B = [ia...J'] and v = [j’ + 1...j.] respectively be the left and right children of «. By definition
of lca, we have that i, < i < j' < j/ 4+ 1 < j < j,, and for some strings u,v € X* and
x,y € XF, we have that T[i..j| = xy, T[ia..J'| = uzx, T[j' + 1..54] = yv, and (ux,yv) is the
standard factorization of T'[i,..j.| = uzyv. Since xy is a Lyndon word, zy < y, and therefore
xyv < yv. However, if u # ¢, this contradicts that yv is the lexicographically smallest proper

suffix of uzyv. Thus, u must be empty, and ¢, = 7. O
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A node is called a left node (resp. right node) if it is the left (resp. right) child of its
parent. The next lemma is a simple consequence of Lemma 55 yet also gives an important

characterization.

Lemma 56. Let T be a Lyndon word. For any interval [i..j] except for [1..|T|], [i..j] corresponds

to a right node of the Lyndon tree iff T[i..j] is the longest Lyndon word that starts from i.

Proof. Suppose T7[i..j] is the longest Lyndon word that starts from ¢. For any j' > j, Ti..j’]
is not a Lyndon word and thus [i..j'] cannot be a node in LTree(T). Hence, it is clear from
Lemma 55 that lca([i..j]) = [i..j] and it is a right node. On the other hand, suppose T'[i..j] is
not the longest Lyndon word that starts from ¢. Then, there exists a Lyndon word T'[i..j'] for
some j’ > j. Since there is a node lca([i..j']) = [i..5”] with j” > j' > j due to Lemma 55, it is
easy to see that [i..j] cannot be a right node. Note that [i..j] may not correspond to a node, but

if it does, it must be a left node. L]

Now consider again the two total orders <, <; on 2. Let 7" be an arbitrary string of length
N and let Ty = #T$ and Ty = #,T'$ where #¢, #1 & X U {$} are special characters that are
respectively lexicographically smaller than any other character in 2 U {$}, with respect to <,
and <. Thus, #q <o $ < a and #; <; a <; $ for any a € X. For technical reasons, we
assume that positions in 7y and 7} will start from O rather than 1, in order to keep in sync with
positions in 7', i.e., so that forany 1 < i < |T|, T'[i] = Ty[i] = Ti[i]. Note that T (¢ € {0,1}) is
a Lyndon word with respect to <, and let LTree, (1) denote the Lyndon tree of 7}, with respect
to <. Also, lcay([i..5]) will denote lca([i..j]) in LTree,(T).

Lemma 57. Given a string T of length N, LTreey(T) and LTree,(T') can be constructed in
O(N) time and space.

The next lemma immediately follows from Lemmas 53 and 56.

Lemma 58. Let r = (i, j, p) be an arbitrary run in string T of length N, and let ¢, € {0, 1} be
such that Ty, [j + 1] <4, Ty, [j + 1 — p|. Then, any L-root of r with respect to <, is a right node
of LTree, (T).

In light of Lemma 58, we have a structural view of the runs in a string 7" by two trees
LTreeo(T) and LTree;(T). This can be a powerful tool for algorithms and data structures
employing subrepetitions in a string. In the next subsection, we exhibit an application to a data

structure for 2-Period Queries.
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7.4.1 Application to 2-period queries

The 2-Period Query problem is to preprocess a string 7' to support the following queries ef-
ficiently: Given any interval [i..j] of T, return the smallest period p of T'i..j] with p <
(j —i+1)/2, if such exists. The 2-Period Query problem is tightly related to the runs in 7": Let
exrun([i..j]) denote arun (i’, 5/, p’) such that ¢’ < i,7 < j and p’ < (j —i+1)/2 if such exists.
Note that due to the periodicity lemma [35], such a run uniquely exists iff p < (j —i+1)/2 and
p’ = p. Therefore, a 2-Period Query with interval [i..j] reduces to searching for exrun(i, j).
An optimal solution to the 2-Period Query problem was recently proposed in [67] as a by-
product of their algorithm for internal pattern matching. Their solution introduces a notion of
k-runs in which a run is distributed to one or more sets of runs satisfying some conditions. We

propose another optimal yet simpler solution using Lyndon trees.

Theorem 17. For any string T of length N, there is a data structure of O(N) space that
supports 2-Period Queries in O(1) time. The data structure can be built in O(N) time.

Proof. We construct LTreeq(T') and LTree;(T') in O(N) time and space using Lemma 57. At
the same time, we compute the runs in 7" and label every right node that corresponds to an L-root
of a run with the information of the run. This can be done in O(/V) total time by using a similar
procedure as described in Section 7.3.1, by simply omitting the condition ¢/ < i < 7' 4+ p. We
also augment these trees with data structures in O(/N) time and space so that lowest common
ancestor (LCA) queries can be answered in O(1) time [6]. Given a query with interval [i..j],
our algorithm computes oy = lcag([i..[ (i 4+ j)/2]]) and a; = leai([i..[(i + j)/2]]), and check
their right children. See Algorithm 6 for a pseudo-code.

We show the correctness of our solution below. Suppose that r = exrun([i..j]) = (¢, 5, p)
exists. Let ¢ € {0,1} with Ty[j" + 1] <, T;[j' + 1 — p]. Since the period p of  is at most
|(j —i+1)/2], wehave thati < [(: 4+ j)/2] —p < [(i + j)/2] + p — 1 < j. Thus, there
exists an L-root A of r with respect to <, that contains position [(i + j)/2]. By Lemma 58,
A is a right node. Moreover, oy is an ancestor of A since A does not contain position ¢ while
both contain position [(i 4+ j)/2]. We claim that the right child of «, is A. Assume to the
contrary that the right child 8 = [ig..jz] of oy is not A = [iy..7,]. By definition of ay, 5 and A,
we have that § must be an ancestor of A and i < i < ig < i) since A is a right node. Also,
it must be that j < j' < jg since otherwise, T'[ig..j3] would have period p < |[ig..j5]| due
to run r, contradicting that it is a Lyndon word. However, by the definition of ¢, this implies

that T'[ix..i5] <¢ T[ig..js), still contradicting that T'[is..j5] is a Lyndon word. Therefore, if

77



CHAPTER 7. THE RUNS THEOREM

Algorithm 6: O(N) time preprocessing and O(1) time query for 2-Period Queries
Preprocessing Input: String 7" of length NV

1 foreach ¢ € {0,1} do

2 Compute LTree,(T') and preprocess for lca, queries;

3 foreach right node o in LTree,(T') do

4 L If v is an L-root of some run r = (7', j/, p), label « with r;

Query Input: Interval [i..j]

5 foreach ¢/ € {0,1} do

ayp < leag([i..[(i 4+ 5)/2]]); Be < right child of ay;

if 3, is labeled with runr = (7, j',p)and i’ <i < j < j andp < (j —i+1)/2 then
| return p

® 9 &

9 return nil

exrun([i..j]) exists, at least one of the right children of o and «; is an L-root of exrun([i..j]),

and can be found in constant time. L]

7.5 Conclusion

We showed a remarkably simple proof to the 15 year-old runs conjecture, by discovering a
beautiful connection between the L-roots of runs and the longest Lyndon word starting at each
position of the string. We also showed a bound of o(/N) < 3N for the maximum sum of expo-
nents of runs in a string of length NV, improving on the previous best bound of 4.1 N [24], as well
as improved analyses on related problems. We also proposed a simple linear-time algorithm for
computing all the runs in a string. Furthermore, realizing that the longest Lyndon word starting
at each position of the string corresponds to a right node in the Lyndon tree, we showed a simple
optimal solution to the 2-Period Query problem.

The characterizations of runs in terms of Lyndon words as shown in this paper significantly
improves our understanding of how runs can occur in strings. A remaining question is the exact
value of limy_,, p(IV)/N for general strings, which is known to exist but is never reached [49].
We note that this has been solved exactly only for a specific class of strings, namely, it has been
shown that the maximum number of runs in standard Sturmian words is at most 0.8 NV, and that
there exists an infinite sequence of standard Sturmian words with strictly increasing lengths

such that the limit of the ratio between the number of runs in it and its length equals 0.8 [5].
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Conclusions

In this thesis, we studied combinatorial properties on Lyndon words and developed algorithms
on Lyndon words.

In Chapter 3, we considered the reverse-engineering problems on Lyndon factorizations.
We then presented a linear time algorithm to compute a string 7" such that a given sequence of
pairs of positive integers corresponds to the Lyndon factorization of 7. We also presented an
algorithm to solve the same problem in compact representation. Moreover, we showed a linear
time algorithm to compute only the smallest size of alphabet. For an enumeration problem, we
proposed a compact representation of all valid strings and an efficient algorithm to compute the
representation.

In Chapter 4, we developed a Lyndon factorization algorithm for a grammar compressed
string. The algorithm presented in the chapter computes the smallest suffix of a string. If we
want the Lyndon factorization of a string, we only have to use the algorithm recursively. Our
algorithm is faster than Duval’s algorithm (for an uncompressed string) when the input string is
highly compressed.

In Chapter 5, we developed Lyndon factorization algorithms for compressed strings again.
Firstly, we presented an algorithm to compute the Lyndon factorization of a grammar com-
pressed string. This algorithm is faster than the algorithm presented in Chapter 4. Secondly,
we presented an algorithm to compute the Lyndon factorization of an LZ78 compressed string.
This algorithm works in O(slog s) time where s is the size of the LZ78 factorization. In this
chapter, we showed an independent result that the size of the Lyndon factorization, for any
string, is a lower bound of the size of the smallest grammar. This result led to the problem
which was considered in Chapter 6.

In Chapter 6, we studied relations between Lyndon factorizations and non-overlapping LZ77
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factorizations. We showed that the number of Lyndon factors cannot be more than 2¢ where ¢ is
the number of LZ77 phrases. This result is the first direct connection of these two factorizations.
The result improves significantly a previous, indirect bound given in Chapter 5. We also showed
that there are strings with ¢ 4+ ©(y/t) Lyndon factors.

In Chapter 7, we showed the runs theorem and proposed a new linear time algorithm to
compute all runs in a string. We discovered and established a connection between the L-roots
of runs and the longest Lyndon word starting at each position of the string. Based on this
novel observation, we gave an affirmative answer to the runs conjecture. We also proved some
new bounds for related problems about runs. We gave a novel, conceptually simple linear-time
algorithm for computing all runs contained in a string, based on the proof of p(N) < N. Our
algorithm is the first linear-time algorithm which does not rely on the Lempel-Ziv parsing of

the string.
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