Appendix for Paper “Faster Derivative-Free Stochastic
Algorithm for Shared Memory Machines”

Notations. To make the paper easier to follow, we give the following notations.

e 1 denotes the vector x in the shared memory. If reading the vector x from the shared
memory to the local memory, which is denoted as 7.

e; is the N-dimensional zero vector except that the j-th coordinate is 1.
V;f(z) is the j-th coordinate of the gradient V f(x).

{1;}j=1...n are the approximate parameters.

{’yt}tzo,m,m,l are the decreasing steplengths in AsySZO, and ~ is the steplength in
AsySZO+.

T, m and S are the total number of iterations, the number of iterations in the inner
loop, and the number of iterations in the outer loop, respectively.

e Y is the size of the coordinate set J.

e L and L are the Lipschitz constants for Vf;(z) and Zjvzl V; fl] (x) respectively.

1. Convergence Analysis

In this section, we prove the convergence rate of AsySZO-+ (Theorem 2 and Corollary
1). Specifically, we improve the convergence rate of asynchronous stochastic zeroth-order
optimization from O(ﬁ) to O(%).

Before providing the theoretical analysis, we give the definitions of Lipschitz constants
on the original function and gradient, coordinated smooth function, mixture gradient of the
coordinated smooth functions, Lipschitz constant on the mixture gradient, and the expla-
nation of z7 used in the analysis as follows, which are critical to the analysis of AsySZO+-.

1. Lipschitz smooth assumptions: For the smooth functions f;, we have the Lips-
chitz constant L for Vf; as following.

Assumption 1 L is the Lipschitz constant for Vf; (Vi € {1,---,1}) in (1). Thus,
Yz and Yy, L-Lipschitz smooth can be presented as

IV fi(z) = Vfi(y)l < Lllz -yl (18)

Equivalently, L-Lipschitz smooth can also be written as the formulation (19).
L
fi(x) < fily) + (Vfiw),w =) + 5 lz = wl)” (19)
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Ly is the Lipschitz constant for f; (Vi € {1,---,1}) in (1). Yz and Yy, we have that
[fi(x) = Vfi(y)] < Lollz — yll (20)

. Coordinated smooth function: Given a function f(z) and a predefined approx-
imation parameter vector [u1, o, -, un], we define a coordinated smooth function
f7(z) w.r.t the j-th dimension which was used in (Lian et al., 2016).

1 (M

fi(z) = EUNU{—;AJ-,M] (p(z + vey)) = % f(x+ vej)dv (21)
—H;

where v ~ Ul—y;,p;) means that v follows the uniform distribution over the interval
[—15, f15]. It should be noted that, we have the following equation between G;(z, f)
and V; f7(x).

Vifi(a) = 2; B gt e (22)
= % (fi(90 +ujeg) = filx — pjeg)) ej = NGj(a, f)
Hj

In addition, we have

2 N 2
L7305 15 aor w

E: IV, fi i v < 9
IV (@) — V)| <~ (23)
which is proved in (26) of (Lian et al., 2016).

. Mixture gradient of the coordinated smooth functions: Based on the co-
ordinated smooth function f7(z), we define a mixture gradient on the coordinated
smooth functions as Zjvzl Vfi(x).

. Lipschitz constant on the mixture gradient: = We assume that there exists a
Lipschitz constant (L) on the mixture gradient as follows.

Lemma 1 There exists a Lipschitz constant L for the mizture gradient Zjvzl \%Zi fz-j ()
(Vie{l,...,1}), such that, Vx and Yy, we have

Zv (@ Zv )| < Lz -yl (24)

where L < min{NL, Z;Vﬂ ﬁ—?}

Proof We first prove that L<NL.

Zv Fia Zv Fly (25)
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This completes the proof. |

Because f7(x) is a smooth function of f(x), it is reasonable to have a Lipschitz constant
on the mixture gradient. Specifically, if [u1, po, -+, un] = 0, it is easy to verify that
L=1L.1If pj =oo forall j =1,---, N, it is easy to verify that L = 0. Note that, it is
possible that L>L.

Correspondingly, we assume there exists a relationship constant L between the original
gradient and the mixture gradient, as follows. Note that, it is also possible that L > 1.

Assumption 2 For a smooth function f, we have the relationship constant L between
the original gradient and the mixture gradient as

N
SOV ()| < LIV @) (27)
j=1

5. xj: As mentioned previously, AsySZO+ does not use any locks in the reading and
writing. Thus, in the line 10 of Algorithm 1, z7 (left side of ‘«-’) updated in the
shared memory may be inconsistent with the ideal one (right side of ‘«—’) computed
by the proximal operator. In the analysis, we use z7 to denote the ideal one computed
by the proximal operator. Same as mentioned in (Mania et al., 2015), there might not
be an actual time the ideal ones exist in the shared memory, except the first and last
iterates for each outer loop. It is noted that, z{; and x;, are exactly what is stored in
shared memory. Thus, we only consider the ideal xj in the analysis.

Then, we give the upper bounds of E ||G(z; f;) — G(y; fi)]|2 and Z?;Bl E Hﬁf“”z in Lemma
1.5 and 2 respectively. Based on Lemma 1.5 and 2, we give an upper bound of Zﬁgl E HVf(szrl) H2
(Theorem 1.5). Then, we prove the sublinear rate of the convergence (Theorem 2 and Corol-

lary 1).

Lemma 1.5 For the smooth function f; and the corresponding approzimate full gradient
G(z; fi), under Assumption 1, we have

E|G(x; fi) = Gy f)lI° < L |l= — ylf? (28)

Proof Based on the definition of the approximate gradient G(z; f;), we have that
N 2

9 1

EllG(; fi) =Gy )l = E| > (Gjm; fi) = Gy £3) (29)
j=1

2

N
= E[Y (Vi@ -Vifiw)| <L*le vl
j=1

where the second equality uses (22), the first inequality uses (24). This completes the proof.
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Lemma 2 IfY — 2Nz27272 > 0, under Assumptions 1 and 2, we have that

m—1 m—1
2B < o s 2\ 2 g -3 N Canl INEY

Proof Let v = %ZieB(t) Gz f) — %ZieB(t) G(z%; ;) + G(Z%; f), we have that

EHAsHH?_EHAsH s+1+ ts+1H2 (31)
< R[5 = ot o+ 2B oy
2
= | Y (GG ) - Gt )|+ 2B o
i€B(t)
2 N
< 3 O E[G@T ) - Gt ) 2 oyt
1€B(t)
S 2L2EHAS+1 +1H +2EH +1H
2
= 20%°E| Y BiP'o ||+ 2E ||v; 112
teK(t)
< 2E Y ‘BS“A;@}) + 2 [|op
tEK ()
< 2l 3 E[osgh |+ 2 et
t'eK(t)
N L2 ~2r
- > Ell5 ann
t'eK(t)

where the first, second and fourth inequalities use the fact that || Y0 | a;[|? <n Y0, [lail®
the third inequality uses (28), the fifth inequality uses the Cauchy—Schwarz inequality and
the fact HBSHH < 1. We consider a fixed stage s + 1 such that xSH = z¢ . By summing
the the inequality (31) over ¢t = 0, - — 1, we obtain

m—1 R mol [ oNT 242
S Efo < Z( > i B
t=0 = t'EK(t)
2N L2 272 e
S—jf*ZEWﬂMJZEHﬂ
t=0 t=0

where the second inequality uses the Assumption 1. If Y — 2N E2727'2 > 0, we have that

m—1 5 m—1 5
YE[EHT < m E[Jo; | (33)
t=0 t=0
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We next bound E vaHHQ by

E [lof "
2

= B} 3 06—y X GE) O

zeB(t) i€B(t)

B Z (5 f) =5 3 GG f) + G ) — Glat™s f) + CE )

168 i€B(t)

2

< 9F %Z Gai ™ fi) - Z G ) — (G f) = GE )| +2E |Gt )|
i€B(t) ieB(t)
2 N
2 N N 1
= 5E > (G fi) - G@Es fi) — (Gt f) — GE* 1)) NZ (25 )
i€B(t) 7=1
1Y i
< fEHG (@75 1) = G@ f) = G ™ ) + G@s | + 2B || D0 Gylaith )
=1
N 2 ]
< *EHG (@5 £i) = GEs I+ 2B || DV, (a5
j=1
T2
< 2L 2 gt - ~sH +2LEHVf s+1)H

where the first inequality uses || > a;]|> < nd> ", |lai||?, The second inequality uses
Lemma 7 in (Reddi et al., 2016), the third inequality uses E|z — Exz|? < E||z||?, the fourth
inequality uses (28) and (27). This completes the proof. [ |

Theorem 1.5 Setting ¢, =0, 5 > 0. Let

1N LY~ A3NL272 4Y NL?2
¢ = ar(L+78) + < oS T4 ) = (35)
Y 2N Y b(Y — 2N L24272)
N~2  LY~?2  A3NL2:2 4YL
ry = 7—<Ct“ T2 47 T) - (36)
2 Y 2N Y Y — 2NL2727'2

Let ny, B and ciyq be chosen such that T'y > 0 and B¢ > 2¢i11. Under Assumptions 1, 1, 1
and 2, Z?‘OlE HVf s+l H2 in AsySZO+ satisfy the bound

m—1 S$Y) s+1 yNwm
EHVf s+l ‘2 < E(f(x )) E(f(2*")) + =77
=0 mingeo... m—1} It

(37)



Proof We first bound E Hmfill - ESH2.

Ellott! - | = Bllaj! — o+ o - 7|

= B (gt — o o - P 2 (ot — o — )

= 2 (sl e -2 - ()

= Mk e e - fﬁif—m@ZGﬁ“ i >

1€B(t)

< N'Y EHA5+1H +EH$S+1 H +2 E( Z G As+1’f1 /Bt Hx5+1 ~s}2)
EB(t

N~2

_ Y EH/\S-‘rIH + 1+’yﬂtEH$5+1 H +27E( Z ZV f] s+1 )
zEB(t)J 1
2

N~2 s

< NPg g 4  aBE e - Q%E(Z > Vit )
i€B(t) ||i=1

Ny2_ - N -
= R + (B o -7+ TIE |9, P e P

where the first inequality uses the Young’s inequality, the second inequality uses the fact
that || Y 1aZH2 <nyi, llai||?>. We next bound E HV f( erl) ijj(:?fH)HQ.

||V, f(e;™) = v, /@) (39)
E ||V, f(th) = V; F@H) + v F@) — v @

S QEHV f S+1) v f A8+1 H +2]EHV f /\S+1) VJfJ(i,‘f‘Fl)HQ
< —EHVfS“) Vi@ + 5
< £H$s+1 ASHHQ+%
2
_ L2 § Z Bs+1As+1 Tid
teK(t 2
2L2’}/27' 1541 w
s —§ & Z ‘BH (o) +§
t'e K (t)
2L2’y27' N w
< = Et,z) Opor +§
21227
_ - Z s+1H +
t'eK(t)



where the first and fourth inequalities use || Y7 ; a;||*> < n > 1 ||ai]|?, the second inequal-
ity uses (23), the third inequality uses (20), the fifth inequality uses the Cauchy-Schwarz

inequality and the fact HBfHH < 1. We bound E (f(
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where the first inequality uses (19), the second inequality uses (39). Next, we define Lya-
punov function Rf“ =E (f(au;?Jrl + ¢ HxSH — sz2), and give the upper bound of Rfjfll
as follows.
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where the first inequality uses (38) and (40), and the second inequality uses the constraint
Bt > 2¢411. We consider a fixed stage s + 1 such that xS'H = z;,. By summing the the

inequality (41) over ¢t =0, - — 1, we obtain
m—1
ZRfi% (42)
t=
i LY'y vy Y NL?*t
< Ef(ait) + S5 - 2B VAe + 55— X Bl
=0 Y EK(t)
AN 51 s (14 98 g - 7 HJZ“’)
= s+1 0 s+1 s+ _ s |2 YNw
= Z Ef( EHVf H +Ct+1( +’75t EHJ? H +T
=0
N~? LY SNL? .
<Ct+1 Y ’Y 2 = T >EHUfHH2>
3 1(Ef< i+ %
t=0
v (e Ny2  LYA?  A3NL2r2 4YL oh1v((2
_<2_< y aN Ty Y — 2N L2272 BVl
cr1Nv?2  LY~?2  A3NL272 AY N L2 a2
(Cmuyﬁt <t+1Y TN Ty )b(Y—QNE2'y2T2) Bl =
= +1 +1 YNw
= R TR ||Vt || + =2 n
t=0

where the second inequality uses (30). Because ¢, = 0, we have that RSt = E(f(z5H1)) =
E(f(2°t1)). In addition, we have that RS = E(f(x 8“)) = E(f(z®)). Based on (42), we
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have that

m—1 m—1/ps+1 s+1 YNwm
R - R
EHVf s+1 H < = ( t+1)+ 4 (43)
=0 MiNge(o,... m—1} L't
_ (RSJrl o Rf);i—l) + WNZJm
mingeo,... m—1} It
1 N
_ E(f=%) —E(f () +
minte{oy_.. ,m—1} Ft
This completes the proof. |

Theorem 2 Let ¢, = 0, v = %0b 5, = LSZYQ, 0<a<l,0<uy<l,c=ci1(1+76) +

Li~
Ny | LY 3NL2 2 4Y N L2 _ _ 1 13LYugb |, SNL272u2b?\ 7+
<ct+lyﬂY + 2]\? + 2 ) bV _2NIioi77) fort=0,--- ,m—1, and o = ug (57 ( 5N%O + SYZO )4L>.
Under Assumptions 1, 1, 1 and 2, if
5LN? _ 2LY? (LA — 713“@0”) 5YL
. 2Y =~ N2 8L 5NL
< 44
TSN TRT2u0b T SNL2u2b? (44)
T Z Z;n 01 E|V/( SH)H in AsySZO+ satisfy the bound
S 1m—1 @ 0 S
obT 4o
s=0 t=0
Proof Based on the specified values of v and S, we have that
4N272E2 ugb 4u2b
0 = 2B+ B e 46
' b(Y — 2N L2%~272) )]/V—IQ %22“ _ 272}%3”2 (46)
_ upbN? 4udbN?
Yl YI2a — 2NT2u2h2
5ugbN?
- Yie
where the inequality uses the constraint Y1 < Y1?® — 2N72u2b? by appropriately choosing
a and ug. We set m = LSJQ%J, from the recurrence definition of ¢;, we have that
AY NL2 (Lw? 73NL272> (14+60)" — )
o = =
C T (Y —2NL%y272) \ 2N Y 0
~, LYu2b? | NL*r2u3b?
_ 4YNL 2N L2]2 Y L3132 (L+6)™—1)

2 2
b(Y — 2N L24272) ugbN? AugbN
( 7T Yie +Y120¢72N7'2u(2)b2
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QY NL2e By NIPPW (a9 np22p) (o)
= (Y2 — 2NT2ulb?) 5u2bN2L2]2
2LY2 2.2
+ 4N L*m%ugpb
= 1+6)™ -1
N (1+6) )
2LY 2.2
AN L?7%ugb
< =+ T ug (e—1)
5N

where the first inequality uses L33 > EQZQQ, the second inequality uses the fact (1 4 %)“

is increasing for a > 0, and lim,—,o0(1 + 1)® = e, which is also used in (Reddi et al., 2015).
5LN2 2LY2

Because f3; > 2¢¢41, we have that 72 < from (47). Let ' denote the following

8L2 b
quantity:
. _ v (e Ny2  LYA?  A3NL2r2 ng’ (18)
= min - — =~
te{0, ,m—1} 2 Y 2N Y Y — 2N L2272
Now we give a lower bound of T as
v . v (e 1Ny?2  LYA? N V3N L272 4Y L (19)

= min - — —

t€{0,,m—1} 2 Y 2N Y Y — 2N L2272
S 7 <c0N~y LYV 73]\7[4272) 4YL
T2 Y Y — 2N L2~272

3 2,2
> % (cOny LY'y v N}f T >4Ll"‘
2LY2 2 2
+4NLTuob( —1)N7+LY7+"}/2NL272 A Ela
ON Y K
2LY (e — 1 Yugb  ANL?72u2b? (e —1)  LYugb u2b’NL?7? ~

_ 1 ( 0 + 0~ ( ) + 3 + 0 — ) 4,YL

2 5YL 2NL Y L2]

1

_ < ( e—1)+§)LYuob+NL272~u3b2 <4(e—1)+ 1 >>4L)
2 5NL YL 5 Ll

. (1 (13LYu0b+ 8NL27-2~u(2)b2> 4E>
2 5NL 5YL
o
B ob
Lie

where the first inequality holds because ¢; decrease with ¢, the second inequality uses the con-
straint Y1* < YI?* — 2N T2u(2)b2, the fourth inequality uses the constraint LI%* > m.
For the last inequality, we can appropriately choose a value of ug, such that 0 > 0, and

2 2 ~
o is a small value independent to [, specifically o = ug (% — (13LY1~”°b 4 SNLT Cugh ) 4L>.

5NL 5YL
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(LA, 13LYEOb>5YZ
8L 5NL

Because g > 0, we have that 72 < . Based on (49), we have that

8N L2u2b?
S—1m—1 S—1 Nwm
1 1 = E(f(2*) - E(f(2") + 5™
+1 4
=DIDIR \FICAS] NE=DY = (50)
T T r
s=0 t=0 s=0
@) —E(f(a)) + T
T
L") ~E(6Y) | Nuw
- obT 4o
This completes the proof. |
Corollary 1 Let ¢, = 0, v = “Ob LB =2 0<a<1l,0<u <1, and ¢ =
Ny2 | LY 3NL2 2 4Y NL?2
e (1 + 78 + (e 4 B + x ) S NE s fort = 0 m = 1, o =

1 _ (13LYwugb 8NL2T2u%b2> ) . | "
0 (2 ( sNL T 5YL 4L ). Under Assumptions 1, 1, 1 and 2, if w =0,

S5LN?  2LY?2 (LA — 713“/301’) 5YL

2Y =~ N2 8L 5NL

8L2ugb = 8NL2u2h?

7 < min

(51)

T Z Z;n 01 E HVf SH)H2 in AsySZO+ satisfy the bound

S—1m—1 o
*ZZEHVf |2 < Li* (f(2°)) — B(f(z%))) (52)

obT
s=0 t=0
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