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Abstract
Let n,s, and t be integers with s > 1, ¢ > 0, and n = 3s + 5t. Let G
be a graph of order n such that the minimum degree of G is at least
(n+s+t)/2. Then G contains s + ¢ independent subgraphs such that s
of them are triangles and t of them are pentagons.

1 Introduction

We consider only finite simple graphs and use standard terminology and notation
from Bollabds [1] except as indicated. Let G be a graph. A set of graphs is said to be
independent if no two of them share a vertex. Determining the maximum number of
independent cycles in a graph has been a subject of great interest. Corradi and Hajnal
[2] proved that if G is a graph of order at least 3k with minimum degree at least
2k, then G contains k independent cycles. This result has inspired much research
in the theory of independent cycles in graphs. Enomoto and Wang [4, 7] improved
this result by showing the same conclusion under the condition d(x) + d(y) > 4k — 1
for each pair of non-adjacent vertices x and y of G. El-Zahar [3] conjectured the
following:

Conjecture 1 If G is a graph of ordern = ny+ng+---+ng withn; >3 (1 <i<k)
and the minimum degree of G is at least [ny1/2] + [n2/2] + -+ + [ng/2], then G
contains k independent cycles of lengths ny,na, . .., nk, respectively.

He proved this conjecture for & = 2 although it remains unproven in general.
When ny; = ny = - -+ = n, = 4, the conjecture reduces to the conjecture of Erdés and
Faudree [5]. Wang added further support to El-Zahar’s conjecture when he proved
Theorem 2 below. Cycles of lengths 3, 4, and 5 are referred to as triangles, quadrilat-
erals, and pentagons, respectively. We also refer the reader to [8, 9] for other recent
results concerning cycles in graphs.

Theorem 2 [10] Let s and t be two integers with s > 1 and t > 0. Let G be a graph
of order n = 3s + 4t such that the minimum degree of G is at least (n + s)/2. Then
G contains s+t independent cycles such that s of them are triangles and t of them
are quadrilaterals.
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We continue on this track by proving the following theorem.

Theorem 3 Let s and t be two integers with s > 1 and t > 0. Let G be a graph of
order n = 3s + 5t such that the minimum degree of G is at least (n+ s +t) /2. Then
G contains s+t independent cycles such that s of them are triangles and t of them
are pentagons.

This result contributes a partial solution to El-Zahar’s conjecture in the case
ny=--+=ns=3and ngy1 = -+ = ngy = H. As demonstrated in El-Zahar’s paper
[3], the minimum degree condition in Theorem 3 is sharp by observing the graph
Kt(n,kJrl)/QJ’[(n,kJrl)/ﬂ + Kj_q1 where k = s + ¢.

We use the following terminology and notation. Let G be a graph. Let u € V(G).
The neighborhood of u in G is denoted by N(u). Let H be a subgraph of G or a subset
of V(G) or a sequence of vertices of G. We define Ny (u) to be the set of neighbors
of u contained within H, and let e(u, H) = |Ng(u)|. Clearly, Ng(u) = N(u) and
e(u, @) is the degree of u in G. If X is a subgraph of G or a subset of V(G) or a
sequence of vertices of G, we define e(X, H) = >, e(X, H) where u runs over all
the vertices of X. If X and H are vertex disjoint, then F (X, H) is the set of edges
of G between X and H. For a subset U of V(G), G [u] denotes the subgraph of G
induced by U. We use C; to denote a cycle of length ¢ for all integers ¢ > 3. For a
cycle C of G, a chord of C is an edge of G — E(C') which joins two vertices of C, and
we use 7(C') to denote the number of chords of C' in G. Let P be a path of order
ny and L be a cycle of order ny such that they are independent. We say that (P, L)
is optimal if (L) > 7(L') for any cycle L' of order ny and any path P’ of order n;
contained in G [V/(P U L)], such that they are independent. If S is a set of subgraphs
of G, we write G O S. For an integer & > 1 and a graph G’, we use kG’ to denote k
independent graphs isomorphic to G'. If Gy, ..., G, are r graphs and k1, ..., k, are
positive integers, we use k;G1 W - - - Wk, G, to denote a set of ky +- - - + k, independent
graphs which consist of k; copies of Gy,..., k._1 copies of G,_1, and k, copies of
G,. For two graphs H; and Hy, the union of H; and H, is still denoted by H; U Ho
as usual, that is, Hy U Hy = (V(H;) UV (Hs), E(H,) U E(Hy)). If C = zy29. .. z2y
is a cycle, then the operations on the subscripts of the z;’s will be taken modulo k
in {1,2,...,k}. If P and L are two independent subgraphs of G such that P is a
path of order at least 2, we define e*(P, L) to be e(uv, L) where u and v are the two
end-vertices of P.

2 Lemmas

The first lemma is a theorem by Wang [9] and the other lemmas are technical lemmas
dealing with the construction of disjoint triangles and pentagons in a given graph

G = (V,E).

Lemma 4 Let G be a graph of order n > 5k + 2, where k is a positive integer. If
the minimum degree of G is at least [(n + k) /2] then G contains k pentagons and a
path of order n — 5k such that they cover all the vertices of G.
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Lemma 5 Let C' be a triangle in G. Let x and y be two distinct vertices of G such
that x and y are not on C. If e(xzy, C) > 5 then there exists a vertex z € V(C) such
that C — z + x is a triangle and yz is an edge of G.

Proof. Trivial. m

Lemma 6 Let R be a pentagon in G. Let x and y be two distinct vertices of G such
that © and y are not on R. If e(xy, R) > 7 then there exists a vertex z € V(R) such
that either (a) holds or, (b) and (c) hold below.

(a) G[(V(R) —{z}) U{z}] contains a pentagon R' such that zy € E and
T(R')>7(R) — 1.

(b) GI(V(R) —{z}) U{y}] contains a pentagon R" such that zx € E and
T(R") > 7(R).

(c) If there exists no vertex z € V(R) such that (a) holds then e(xy, R) = 17.

Proof. Let R = z12923242521. We assume statement (a) does not hold to prove
statements (b) and (c) hold. If e(z, R) > 4 then it is easy to see that (a) holds.
So we assume e(x, R) < 3. It is also easy to see that statements (b) and (c) hold if
e(z,R) = 2 and e(y, R) = 5. So we can assume e(x, R) = 3. Then, without loss of
generality xz1, 223 € F. Since we assumed (a) does not hold we may assume that
either yxy ¢ E or {xz9, 2024, 2025} C E. If yxg ¢ F then Ng(y) = {21, 23, 24, 25} -
Hence R — 2z + y is a pentagon R, zzy € E, and 7(R') = 7(R). In other words,
(0) and (c) hold. Thus we may assume yzo € E and hence {xz, 2924, 2025} C E.
Without loss of generality yz; € E. Let R” = z1yz9242521 and xz3 € E. Thus we may
assume 7(R") < 7(R) — 1. Hence, without loss of generality, Ng(y) = {z1, 22, 23, 24 }
and {z23, 2325} C E or else (b) and (¢) hold and we have nothing to show. But then
2nT2az375%1 is a pentagon R”, yxy € E, 7(R") > 7(R) — 1. This is statement (a), a
contradiction. This concludes the proof of the lemma. m

Lemma 7 Let P be a path of order 4 and R a pentagon in G such that P and R
are independent. If e(P, R) > 13 then G [(V(P U R)) — {z}] contains a triangle and
a pentagon such that they are independent for some x € V(P).

Proof. Let P = xjx9x314 and R = z12923242521. We assume without loss of gen-
erality that e(zz2, R) > 7. We begin by assuming there exists a vertex z; € V(R),
say ¢ = 1, such that z; € Ng(x3) N Ng(z4). Then z1w3x421 is a triangle T and
e(x1a, 22232425) > 5. We can assume that G [{x2, x3, 22, 23, 24, 25 }] does not contain
a pentagon or else we have nothing more to show. This means e(x;, z225) < 1 for
j = 1,2 and hence e(z129, 2324) > 3. Without loss of generality, say e(z122, 23) = 2.
Then e(z;,25) = 0 for j = 1,2 for otherwise one of the pentagons z3z4z5z1x223 or
232425%91 23 18 disjoint from T and we are done. So e(z122, 2224) > 3. This means
one of the pentagons R’ = 252324012920 Or R" = 2923242921 29 is disjoint from 7', our
desired result.
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We may now assume Ng(z3) N Ng(xz4) = 0. This implies e(xzzy, R) < 5 and
hence e(zix9, R) > 8. Suppose e(z122, R) = 10. Then e(zs, R) = 0 for otherwise
Zi%om3z; is a triangle and R — z; + x1 is a pentagon for some i € {1,...,5}. Hence,
e(x4, R) > 3 which means there exists vertices z;, zj11, say j = 1, such that x421 2024
is a triangle and 232425712923 is a pentagon. So we can assume e(z122, R) < 9.

Suppose e(x1xa, R) = 9. This means e(xzzy, R) > 4. Suppose e(z3, R) > 0 and
e(xy, R) > 0. There exists vertices z;, zj40, say j = 1, such that zyz3, 2324 € E.
This means 212923242321 is a pentagon R” and clearly G [{z1, 22, 21, 25}] 2 Cs. So
we assume e(z3, R) = 0 or e(zy4, R) = 0. Suppose Ng(x1) N Nr(x2) = {21, 22, 23, 24 } -
Without loss of generality 21, z3 € Ng(zy,) for some k € {3,4} and so z1x,23Rz is a
pentagon and x12920x7 is a triangle.

We finally assume e(x22, R) = 8 and hence e(xszy, R) = 5. Since e(xzzy, R) =5
there exists vertices z;, 241, say ¢ = 1, such that e(z;, z120) = 2 for some j € {3,4}.
We also know that e(x129, 232425) > 4. If e(x129, 232425) > 5 then either 232425212223
Or 232425T2%1 23 Is a pentagon disjoint from the triangle 2y zox;21. So e(x122, 232425) =
4 and hence e(x1x9, z122) = 4 and using the same cycles we see that e(z129,24) = 2.
Therefore z129241 is a triangle. This means that e(xs, z325) < 1 and e(xy, 2325) < 1.
But since e(zzz4, R) = 5 and Ng(a3) N Ng(z4) = 0 we can assume without loss of
generality that x3z3 and x3z5 € F. But now 21201127 is a triangle and x32324252473
is a pentagon and they are disjoint. This proves the lemma. m

Lemma 8 Let C be a triangle and P a path of order 3 such that C' and P are
independent in G. If e(P,C) > T then either G [V (P UCQC)] contains two disjoint

triangles or there exists two labelings C' = x1xox321 and P = wvw such that No(u) =
Neo(w) = {z1, 22} and e(v,C) = 3.

Proof. Wang [7]. =

Lemma 9 Let C be a triangle and P = uwvwx be a path of order 4 in G such that they
are independent. If e(C,P) > 9 then G[V(C U P) — {z}] contains two independent
triangles for some vertex z € V(P). Furthermore, if G[V(CU P) — {y}] does not
contain two independent triangles for each end vertex y € V(P) then e(u,C) =0 for
some vertez u € {v,w}.

Proof. Wang [7]. m

Lemma 10 Let P be a path of order 8 in G and R a pentagon in G such that
they are independent. Suppose, e*(P,R) > 7 and (P, R) is optimal. Then either
G[V(PUR)] 2 C3WC5 or there exists labelings P = x1x9x3 and R = 212223242571
such that Ng(x1) = {z1,22, 23,24}, Nr(z3) C Ng(z1), e(z2,R) = 0 and 7(R) = 2
with {2123, 2024} C E.

Proof. Without loss of generality, we may assume e(z;, R) > 4. Assume for a
contradiction that G [V/(P U R)] 2 C3 ¥ Cs.
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We first assume e(z, R) = 5. We may assume z32; € F. Let R = C — 21 + 21
and let P’ = max321. We observe that w123, 2124 are chords of R and since (P, R)
is optimal, we may assume z;23, 2124 are chords of R. If {x329, 7323} N E # () then
21252471 1s a triangle and one of 112923292311 OF T1X9T3232021 IS & pentagon. So we
may assume {T322,x323} N E = (. Similarly, {324, 2325} N E = ). Thus e(z3, R) =1
and so e*(P, R) = 6, a contradiction.

We may now assume e(xq, R) = 4 and e(z3, R) > 3. Without loss of generality.,
assume Npg(z1) = {21,202, 23,24} . Suppose 325 € E. Then R’ = x121202324%1 1S a
pentagon with chords 125 and x123 and P’ = xsx325 is a path of order 3. Hence, we
may assume z52; and z5z3 are chords of R since (P, R) is optimal. If {x321, x325}NE #
() then 23252423 is a triangle and one of x1TT32021T; OF T1ToT3212o1 iS a pentagon.
So we may assume {321,732} N E = (. Similarly, {323, 2324} N E = (. Thus
e(z3, R) = 1 and so e*(P,R) = 5, a contradiction. Therefore, we may assume
Ng(x3) € Ng(z1) and without loss of generality {z3z1,2322} C FE. This means
2325 ¢ F for otherwise z3z42523 is a triangle and z120Pz is a pentagon. Clearly
Tazy ¢ E for otherwise zox3z0my is a triangle and C' — zp + x7 is a pentagon. Also,
xozy4 ¢ E for otherwise z1x322242521 is a pentagon and x292321 is a triangle. Suppose
Zozs € E. Then zzxax3 is a path of order 3 and C' — z5 + z; is a pentagon with chords
x129 and x123. So we may assume 2529 and 2523 are chords of R since (P, R) is optimal.
But then zy21 Pz is a pentagon and z3z42523 is a triangle, a contradiction. So
x9z5 ¢ E. Now suppose xoz1 € E. Then x323 ¢ F or else 212921242521 is a pentagon
and z329z3w3 is a triangle. But then Ngp(z3) = {21, 29,24} and so xa324252122
is a pentagon and x129237; is a triangle, a contradiction. Hence, z22; ¢ E. We
finally assume x923 € E. Then x323 ¢ E for otherwise 212071242521 is a pentagon
and mox32379 is a triangle. But then Ng(x3) = {z1, 22, 24} and so z120w3242521 1S a
pentagon and 122237 is a triangle. Therefore, e(zy, R) = 0.

Clearly z17123242521 is a pentagon with at least one chord, z;z4, while xox325 is
a path of order 3. So we may assume that z3z4 € E or 2225 € F since (P, R) is
optimal. If the latter holds then z;20252; is a triangle and one of z3Pz,23 or 24 Pz32,
is a pentagon. So we may assume the former, that is 2024 € F. If 2124 is a chord of
R then z124252; is a triangle and z3Pz;23 is a pentagon. So we can assume 2124 ¢ F
and thus 1 < 7(R) < 2. If 323 € F then xox323 is a path of order 3 and C' — z3+ 121 is
a pentagon with chords x12; and z924. If 2324 € E then C' — 2343 is a pentagon with
chords z9z4 and w3z while 292123 is a path of order three. Since (P, R) is optimal
and Ng(z3) N {z3,24} # ) we can assume 7(R) = 2 with chords 2123 and z924. This
completes the proof of the lemma. m

Lemma 11 Let P be a path of order 3 and let R be a pentagon such that P and R
are independent and (P, R) is optimal. If e(P, R) > 10 then either G [V(P U R)] 2
Cs W C5 or there exists labelings P = x1x9x3 and R = 212223242521 such that one of
the following three statements holds.

(a) e(z1,R) = e(xs, R) =5, e(x3, R) =0 and 7(R) = 5.

(b) NR(-TI) = NR(-TS) = {21722724}, NR(-TZ) = {22723724725}, T(R) = 4, Z3%5 ¢ E
(C) NR(-TS) Q NR(IL'I) = {21722724}, T(R) = 4, Z325 ¢ F.
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Proof. Suppose G [V (P U R)] 2 C3WCs. By Lemma 10 we may assume e*(P, R) < 6.
Therefore, e(xq, R) > 4. Without loss of generality, we may assume {zy, 23, 24, 25} C
Ng(z2) and e(zy, R) > e(zs, R).

Case 1. e(z1, R) = 5. Then Ng(z2)NNg(z3) = 0, for otherwise, if Jv € Nr(z2)N
Ng(z3) then zovzszy is a triangle and R — v + 1 is a pentagon. So either Ng(z9) =
{z2, 23, 24, 25} and Ng(xs) = {z1} or e(z1, R) = e(z9, R) = 5 and e(z3, R) = 0. In the
former 212372242521 is a pentagon and x1 22237 is a triangle which is a contradiction.
So we may assume the latter. In this case it is easy to see that (a) is satisfied.

Case 2. e(z1,R) = 4.

Case 2.1. Ng(z1) = {22,23,24,25}. U 2003 € E then z12003142521 15 a
pentagon and x 202321 is a triangle. So zox3 ¢ F and similarly zszs ¢ E. If 2321 € F
then zj@3wa242521 is a pentagon and x; 202371 is a triangle. Thus, Ng(x3) C {z3, 24} .
But since e(x1, R) = 4 then e(x3, R) > 1 and so without loss of generality z3z3 €
E. However, then we have the pentagon R — z3 + 1 and the triangle zox3237, a
contradiction.

Case 2.2. Ng(z1) = {z1,20,23,24}. I 2003 € E then z1200324252 is a
pentagon and x1292311 is a triangle. So zex3 ¢ E and similarly zsxs ¢ F. If 2321 € E
then z123w9242521 18 a pentagon and x1202371 is a triangle. Thus, Nr(xs) C {z3, 24} .
But since e(x;, R) = 4 then e(z3, R) > 1. If 2323 € E then R — z3 + x; is a pentagon
and x9x323%2 is a triangle. So we may assume x3z4 € F and x22; € E. But then
21T93242521 1S a pentagon and x1zo2371 is a triangle, a contradiction.

Case 3. e(z1,R) = 3.

Case 3.1. e(xq,R) = 5. Suppose Ng(z1) = {z1, 29,23} . We first observe
w329 ¢ E for otherwise xox3z0m is a triangle and z1x123 Rz is a pentagon. We also
see that 324 ¢ E for otherwise x1 222321 is a triangle and 212023242521 is a pentagon.
Similarly, x3z5 ¢ E. Thus Ng(z3) = {z1, 23} . But then z1x323 Rz is a pentagon and
12227 1S a triangle, a contradiction. So we can assume without loss of generality
that Ng(z1) = {21,209, 24} . If 2323 € E then 291124 Rz is a pentagon and xor3z379
is a triangle. So x3z3 ¢ F and similarly 2325 ¢ E. Hence Ng(z3) C Ng(z1). We
see that z3z5 ¢ E for otherwise one of z129m122r321 Or 2120%3222121 18 a pentagon
disjoint from the triangle z3z4z523. If {21, 22} € Ng(z3) then z3z425 is a path and
21Pzyz1 is a pentagon with four chords. This is statement (c). So we can finally
assume without loss of generality that Ng(z3) = {21, 24} and it is easy to see that
7(R) = 4 which is statement (c). We leave the details to the reader.

Case 3.2. Ng(z2) = {22, 23, 24, 25} . We first assume Ng(z1) = {29, 23, 24}
Then w323 ¢ E for otherwise R— z3+ 21 is a pentagon and z2x323%9 is a triangle. We
also see 2321 ¢ F for otherwise 1202321 is a triangle and 21329242521 is a pentagon.
So x320 € E. But then zox3719252125 is a pentagon and zq23z477 is a triangle, a
contradiction.

We now assume Ng(z1) = {29, 23, 25} . Then z324 ¢ E for otherwise R— z4+x; is
a pentagon and xax3z479 is a triangle. We also observe that x3z; ¢ E for otherwise
21322242521 1S a pentagon and 1222371 is a triangle. Hence Ng(z3) = Ng(z1). Let
R = 22301192329 and let P’ = zyz521. We see that 7(R') = 4. Thus 7(R) = 4.
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If 2421 is a chord of R then G [V(P’)] is a triangle, a contradiction. Thus we may
assume that z421 ¢ E. Without loss of generality., we can change the labeling of R
so that Ng(x1) = Ng(xs) = {z1,22, 21}, Nr(z2) = {21, 20,23, 24}, 7(R) = 4 with
{z123, 2124, 2074, 2225} and we have statement (c).

We now assume Ng(z1) = {21, 22, 23} . We observe that z3zy ¢ E for otherwise
R — 2z + x1 is a pentagon and zoxew3zg is a triangle. If {z4,25} C Ng(z3) then
2475374 18 a triangle and z1 202392121 is a pentagon. If {z1,z3} C Ng(z3) then
2012229 18 a triangle and zjx323242521 is a pentagon. If {z1, 25} C Ng(x3) then
21252321 1s a triangle and 232324227129 is a pentagon. This shows that e(z3, R) = 2,
a contradiction.

We finally assume Ng(x1) = {21, 22, 24} . Clearly x323 ¢ F for otherwise zox323%9
is a triangle and zox124Rzp is a pentagon. Similarly z3z5 ¢ E. Hence Ng(z3) =
Ng(z1). Tt is easy to see that statement (b) holds. We leave those details to the
reader and the proof of the lemma is complete. =

Lemma 12 Let P be a path of order 4 and R a pentagon in G such that P and R are
independent and (P — x, R) is optimal for each end vertex x € V(P). If e(P,R) > 13
then G[V(PUR) — {z}] 2 C3 W Cy for some end-vertex z € V(P).

Proof. Let P = z1zo2374 and R = z12023242521. Suppose G [V(PUR) — {z}] 2
C3 W C5 for any end-vertex x € V(P). Let P, = zymox3 and let Py = zox3my.
Without loss of generality, we may assume e*(P;, R) > 7. Then we may assume
Ngr(z1) = {21,29,23,24}, Nr(x3) C Ng(z1), e(z2,R) = 0 and 7(R) = 2 with
{2123, 2224} C E for otherwise, by Lemma 10, we have nothing more to show. This
means that e(z4, R) = 5 and Ng(x3) = Ng(x1) since e(P, R) > 13. Let Py = zox323
and R’ = z129w4242521. Clearly 7(R') = 3, contradicting the optimality of (P, R).
This completes the proof of the lemma. m

3 Proof of Theorem 3

Let n,s, and t be integers with n = 3s + 5t, s > 1, ¢t > 0. Let G be a graph of
order n with 6(G) > (n+k) /2 where k = s + t. Thus §(G) > 2s + 3t. Suppose,
for a contradiction, that G does not contain s + ¢ independent subgraphs such that
s of them are triangles and ¢ of them are pentagons. As 6(G) > (n+ k) /2 and by
Lemma 4, G contains ¢ independent pentagons. Let r be the largest number such
that there exists r independent triangles in G — V (U!_, R;) for a set of ¢ independent
pentagons Ry, ..., R;. By the assumption on G, we have r < s — 1. We will prove
four claims below, from which the theorem will follow.

Claim 1 There exists a set of v + t independent subgraphs Ly, ..., L.y in G with
T of them being triangles and t of them being pentagons such that G — V (Ul_; R;)
contains a path of order at least min {4,n — 3r — 5t} .
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Proof of Claim 1. Suppose to the contrary, that Claim 1 is false. Among all
choices of the sets {L1,..., Ly} C G with {Lq,..., Lt} 2 rC3 UtCs, we choose
Ly, ..., Lyys so that the length of a longest path in G—V (U1 L;) is maximal. Subject
to this restriction, we further choose Ly, . .., L., so that Z::f 7(L;) is maximal. Let
H=U!L;and D=G—V(H). Let P =z,25...7, be a longest path in D. By our
assumption p < 2 if r = s — 1 and p < 3 otherwise. Let g be a vertex in D — V(P).
We observe that e(zgz1, L;) < 4 for any triangle L; in H, for otherwise, by Lemma
5, there exists a vertex z € V(C) such that C' — z + z¢ is a triangle and z;z is an
edge of G, which contradicts the maximality of P.

We begin by assuming p = 1. Then e(zoz1, H) > 4s + 6t > 4r + 6t. Therefore,
there exists a pentagon L; € H, say i« = 1, such that e(x¢z1, L1) > 7. Therefore by
Lemma 6, without loss of generality, 3z € V(L;) such that G [(V(L;) — {z}) U {xo}]
contains a pentagon L} such that zzy € E. This contradicts our choice of Ly, ..., L4
so that the longest path in D is maximal.

We now assume p = 2. Then e(z¢z;, D) < 2 and so e(zox1, D) > 4s + 6t — 2 >
4r+6t. Thus, there exists a pentagon L; in H, say ¢ = 1, such that e(xgz1, L1) > 7. By
Lemma 6 there exists a vertex z € V(L) such that G [(V(L1) — {z}) U {u}] contains
a pentagon L} such that zv is a path P’ of order 2 for some u,v € {zo, 21}, with
u # v. We can assume that u = 1, v = g, and e(xg, D) = 0 for otherwise we again
violate the maximality of P. Hence, by Lemma 6, 7(L}) > 7(L) and e(zox1, L1) = 7.
Similarly if e(zoza, L) > 7 then e(zoxs, L1) = 7. Hence, e(xozse, L) < 7. Thus,
e(xore, H —V(L;)) > 4s+6t — 1 —7 > 4r + 6(t — 1) + 1. This means there exists
an L; in H, say ¢ = 2, such that e(xgza, Ly) > 7. As before, we can show that Ly is
a pentagon and G [(V(Lg) — {y}) U {z2}] contains a pentagon L) such that yz, is a
path P” of order 2 for some y € V(Ly). We can now replace L;, Lo, and P by L,
L), and P'U P” respectively. Clearly, P'U P” is a path of order 3, contradicting the
maximality of P.

We finally assume p = 3. Then r < s—2 and hence |V (D)| = 3(s—r) > 6. Suppose
xo has a neighbor ' in D — V(P). Then Np(a') = {x2} or else there is a triangle
in D or a path of order at least 4 in D, both of which are contradictions. Hence,
e(xa’, H) > 4s+ 6t —2 > 4r 4 6t + 6. As before, e(z12/, L;) < 4 for each triangle L;
in H and so there exists a pentagon L;, say ¢ = 1, such that e(zoz1, L1) > 7. Thus, by
Lemma 6, G [(V(L;) — {z}) U {u}] contains a pentagon L} such that zv is a path P’
of order 2 for some z € V(L) and u,v € {x1,2'} with u # v. Replacing L; with L}
and replacing v with z we now have a path P” = zvxyx3 of order 4, which contradicts
the maximality of P. Hence, we may assume that P is a component of D. We can
now repeat the above arguments to show there is a choice of LY, Lj,...., L, in
G —V(P) such that {L,...,L!,,} D rC3UtCs and G-V (UZ{L}) — V(P) contains
a path F' of order 3. Let F' = y,1y,y3. We again repeat the above arguments showing
that there exists a pentagon L, say i = 1, such that e(zyy;, L]") > 7. By Lemma 6
again, there exists a vertex w € V(LY") such that without loss of generality, z;w € E
and G [V(L]") —{w} U{y1}] is a pentagon. But then wxiz2x; is a path of order 4,
contradicting the maximality of P. This proves Claim 1. m
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Claim 2 r =5 —1.

Proof of Claim 2. Suppose to the contrary that » < s—2. By Claim 1, there exists
a set of r+t independent subgraphs Ly, ..., L,,; such that r of them are triangles, ¢t of
them are pentagons and G'—V (U/X! L;) contains a path P of order 4. We again choose
Li,..., Ly so that Y74 7(L;) is maximal. Let H = U[ZIL;, let D = G — V(H)
and let P = zymox324. Clearly Np(x;) N Np(z;1) = 0 for i = 1,2, 3 for otherwise D
contains a triangle. Hence, e(zy2q, D) < 3(s — r) and e(z3z4, D) < 3(s — r). Thus
e(P,H) > 8s+ 12t — 6(s — 1) = 25 + 12¢t 4+ 6r > 8r + 12¢. If there exists a triangle
L; in H, such that e(P, L;) > 9 then by Lemma 9, G [V (L; U P)] D 2C3 and hence
G D (r + 1)C3 WtCs5, a contradiction. Hence e(P, L;) < 8 for all triangles L; € H.
This means that there exists a pentagon L; in H, say ¢ = 1, such that e(P, L) > 13.
By Lemma 7, G [V(P U L;)] contains a triangle 7" and a pentagon L) such that they
are independent. Once again we see that G D (r + 1)C3 W¢Cs, a contradiction. This
proves the claim. m

By Claim 1 and Claim 2, there exists a set of s 4+ ¢ independent subgraphs
Ly,...,Lsiy—1 and P in G such that s — 1 of them are triangles, ¢ of them are
pentagons and P is a path of order 3. We choose these independent subgraphs such

that
s+t—1

Z 7(L;) is maximum. (1)
i=1
Let 7 be the set of all triangles in {Li,..., Ls,—1} and R be the set of all pen-
tagons in {Li,...,Ley1}. Set H = UL and say P = x1m913. Set G; =
G [V(Ui_,Lj)UV(P)] and H; = H — V(U._, L;) for each i € {1,2,... .k —1}.

Claim 3 For eachi€ {1,2,...s+t—1}, if e*(P, L;) > |V (L;)| + 2, then L; € T.

Proof of Claim 3. Suppose to the contrary that there exists an L; € R, say
i = 1, such that e*(P,L;) > 7. By (1) we can assume (P, L) is optimal. Let L; =
212923242521 By Lemma 10, we assume without loss of generality, that N, (z1) =
{Zl7 22723724}, ]\/YL1 (.Ts) - ]\/YL1 (IL’I), e(xg,Ll) =0 and T(Ll) = 2 with {212372224} -
Eorelse G[V(L; UP)] D CsWC;5. Let L) = x1212023241. Clearly, 7(L)) = 7(Ly)+2.
Now, e(z;z5, Ly UP) < 7 for j = 2,3. Hence, e(z;z5, Hy) > 4(s—1)+6(t — 1) + 3 for
j = 2,3. This implies, e(x;z5, H1) > 4(s — 1) + 6(t — 1) + 3 for j = 2, 3. Hence, there
exists L, € Hy such that e(xz;z5, L,) > |V(L,)|+2for j =2,3. Say r =2.If Ly € 7T,
then by Lemma 5, G [V/(Lg) U {x2, 3, 25 }] 2 C5WPs. Replacing L; with L we obtain
a contradiction with (1). So we may assume Ly € R. If there is a j € {2,3} such
that G [V(L2) U {z;, z5}] contains a pentagon C' and a path P’ of order 2, 7(C) >
7(Ly) — 1, and z; € V(P'), then we replace Ly, Ly, and P with L}, C, and P’ + zox3,
and obtain a contradiction with (1). Therefore, we can assume G [V (Ly) U {z;, 25}]
does not contain two such independent subgraphs. By Lemma 6, for each j € {2,3}
there exists a vertex u € V(Ly) such that G [V(Ls)U {xz;, z5} — {u}] contains a
pentagon L with uzs € E and 7(L}) > 7(Lg). In particular, this is true for j = 2.
Furthermore, Lemma 6 tells us that we have e(wqzs, Ly) = 7. It also clear that
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e(x32s, Ly) < 7. Thus, e(x325, Go) < 14 and so, e(w3zs, Hy) > 4(s— 1) +6(t —2) + 2.
By the above argument, there exists an L, € H, say ¢ = 3, such that Ly € R
and e(x3z5, Lg) > 7. Furthermore, Lemma 6 tells us that there exists a vertex u €
V(Ls) such that G [V(Lg) U {3, 25} — {u}] contains a pentagon L} with uz; € E
and 7(L5) > 7(Ls). Replacing Ly, Ly, Ly, and P, with L}, L}, L}, and P’ + uzs, we
again obtain a contradiction with (1). This completes the proof of the claim. m

Claim 4 For each i€ {1,2,...s+t— 1}, ife(P,L;) > 7, then L; € R.

Proof of Claim 4. Suppose to the contrary that there exists an L; € 7 | say
i = 1, such that e(P, L1) > 7. Let Ly = z1292321. Then by Lemma 8 , we may assume
that

Np,(z1) = N, (x3) = {z1, 22} and e(xs, L) = 3.

Clearly, e(xyxz3, Hy) > 4s+ 6t — 6 = 4(s — 2) + 6t + 2. Hence, there exists an
L; € Hy, say i = 2, such that e(z1z3, Ls) > |V(Ls)| + 2. By Claim 3, we may
assume that Lo is a triangle y;yoysy1. We also assume without loss of generality,
that Ng,(z1) 2 {y1,vy2} and e(z3, L) = 3. Since G does not contain 3C5 we see
that e(xq, L) = 0 and e(ys, z122) = 0. Consequently, if Ry = {z3,z2,3,y3}, then
e(R1,G2) < 22 and so e(Ry, Hy) > 8s + 12t — 22 = 8(s — 3) + 12t + 2. Clearly
Gs— R 2 2C}5 for any R C Ry with |R| = 3. Suppose there is a triangle T in 7 N Ho,
such that e(R;,T) > 9. Then, by Lemma 9, G[RU V(T)] D 2C5, and so G5 contains
4C5, a contradiction. So we may assume that e(Ry, L;) < 8 for any L; € 7 N Ho.
Hence, there exists a pentagon L; in Hs, say Ls, such that e(Ry, L3) > 13. But then
by Lemma 12, G[R — {v} UV (L3)] 2 C3 W C; for some v € {z3,y3}. In either case
G3 D 3C3 W (5, a contradiction. This completes the proof of the claim. m

We are now ready to complete the proof of the theorem. Clearly, e(P, H) >
6s 4+ 9t —4 > 6(s — 1) + 9¢ + 2. By Claim 4, we may assume e(P, L;) < 6 for
each L; € 7. Hence, there exists L; € R, say ¢ = 1, such that e(P, L) > 10.
By Lemma 11, e(zix3,L1) < 6 and there exists a labeling of Ly = 212023242521
such that 2123 € F and {22, 23, 24, 25} C Ny, (x2). Hence, e(z123,G1) < 8 and thus
e(r1ws, Hy) > 4s + 6t — 8 = 4(s — 1) + 6(t — 1) + 2. This implies that there exists
an L; € Hy, say 1 = 2, such that e(zyx3, Ly) > |V(Ls)| + 2. By Claim 3, we can
assume Ly € 7. So e(z123, L2) > 5 and clearly G [V (L2) U {z1,23}] D Cs. Let L] =

G [V (L2) U{z1,23}], Ly = z1222321, and Lgyy = T92425T2. Therefore, G D sC3 Wt s,
a contradicition. This completes the proof of the theorem. [ ]
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